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FOREWORD

This report is one of five volumes presenting the results of a series of

studies carried out for the Air Force by General American Transportation

Corporation and Newmark-Hansen Associates. The five volumes comprise

RTD TDR-63-3096 and are organized as follows:

Vol. I Structure Interior Motions Due to Air Blast Induced
Ground Shock

Vol. II Structure Interior Motions Due to Directly Transmitted
Ground Shock

Vol. III Response Spectra of Single-Degree-of-Freedom Elastic
and Inelastic Systems

Vol. IV Response Spectra of Two-Degree-of-Freedom Elastic
and Inelastic Systems

Vol. V Response Spectra of Multi-Degree-of-Freedom Elastic
Systems

Volumes I and II are authored by General American Transportation

Corporation. Volumes II, IV, and V are authored by Newmark-Hansen and
Associates. Volumes II, IV, and V will be published early in 1965.

Acknowledgment is made to Captain H. Auld, Captain D. H. Merkle,

and Lt J. F. Flory of AFWL for their continued cooperation during the course

of the project.
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ABSTRACT

A discussion is presented of response spectra for single-degree-of-

freedom systems subjected to different forms of ground excitation.

In the study of elastic systems, the sensitivity of the response to variations

in the detailed characteristics of the input motion is discussed. For each

class of forcing function, simple approximate rules are presented for the

construction of response spectra for undamped systems. Simple rules are

described for the construction of spectra for complex input functions by

compounding the spectra for the "dominant" component pulses of the input

function.

In the studies of inelastic systems, primary attention is given to elasto-

plastic systems and, in an exploratory way, to bilinear systems of the

softening type. Response spectra are presented from which the yield

resistance required to limit the maximum deformation of the system to a

prescribed multiple of its limiting elastic deformation can be determined

directly.

The maximum deformation of an inelastic system is related to that of an

elastic system having the same initial slope in its resistance-deformation

diagram and, for certain conditions, simple design rules ame formulated for

the construction of deformation spectra for elastoplastic systems in terms of

the corresponding spectra for the associated elastic systems.

PUBLICATION REVIEW

This report has been reviewed and is approved.

JOHN F. FLORY
ZLt USAF
Project Officer

THOM WRY, PB L HUIE
Colonel USAE' C o1 V eI USAF
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SECTION 1

1.10Objectives of Pro

The broad objectives of this program were to develop information

regarding the response of equipment in underground installations mhen sub-

jected to the effects of the ground motions induced by a nuclear detonation,

to evaluate the influence and relative importance of the various factors

affecting the response, and to present simplified design rules for specific

conditions.

If the input motion for a system is prescribed as a function of

time, it is generally recognised that the response of the system can be

computed in a straightforward maner by integration of the governing

differenitial equations of motion, no matter how complicated the motion or

the system m be. Hovever, such computations are generally time-consuting

and are not very appropriate for purposes of preliminary design. The principal

aim of this study was to establish a body of basic information and simplified

rules which would enable the designer to arrive at a reasonable estimte of

the significant effects of a prescribed notion, and to assess the engineering

significance of the various parameters Influ cing the response of the systen

without the need for elaborate computations. Inasmch as the detailed

characteristics of the input notion are affected by a large number of uncon-

trollable factors, a special effort has ben made to investigate the

sensitivity of the response to the uncertainties involved in defining the

input data.

The study is based on the concept of the response spectrumo and

covers both elastic and inelastic systems with or without dfmpig. In this
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repoat, only systems having a single degree of freedom are considered.

However s the information presented can also be used in conjunction with the

modal method of analysis to evaluate the response of multi-degree-of-freedom

elastic systems for which the natural modes of vibration can be uncoupled.

The study of inelastic systems is devoted mainly to elastoplastic systems and,

in an exploratory wy, to systems with a bilinear resistance of the softening

type.

There are two important considerations in the design of the

foundation for a piece of equipment. Firsts the foundation itself must have

sufficient strength to withstand the forces that are developed in it without

failure, and secondly, the accelerations or notions that are transmitted to

the equipment and its parts must not be so severe as to cause damage to it,

or to interfere with its operation. It follows then that response spectra

are needed both for the mimuum deformation of the system and for the absolute

displacement, velocity and acceleration of its mass. The latter information

may also be used to define the peak values of the notion experienced by the

base of a light system mounted on a structure that may itself respond under

the action of the shock.

If the piece of equiment is attached to a pert of the structure

that experiences essentialy the same motion as the base of the structure in

ihtch it is housed., then the equipment my be designed for the shock spectrum

applicable to the input notion. However, if it is mounted on a flexible

element such as a beam or floor hich y itself respond uder the influence

of the shock, then both the intensity and the time-history of the notion at

the base of the equipment my be significantly different from the original

input motion and the maxima response of the system oan no longer be
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determined from the shock spectrum corresponding to the base input. It is

obvious that the extent to uhich the input motion is modified is a function

both of the characteristics of the structure and of the equipment and of its

mode of attachment to the structure. This problem of the interaction between

the motions of the equipment and of the supporting structure has been given

some attention under this program, but the results of this effort vill be

reported separately. T roughout this report, the characteristics of the notion

at the base of the system under investigation are assumed to be known.

1.2 Outline of Stu ies

The studies described here can be classified into tvo groups. The

first group is concerned with the response of elastic systems, with or vithout

damping having a single degree of freedom. The input motions considered

included several pulse-type excitations, approximating the primry or min

component of the ground notion associated vith a nuclear explosion, and two

strong-notion earthquake records representing examples of extremely complex

ground motions. The pulse-type of excitations include acceleration functions

omposed of from one-half to four cycles of oscillation, vith corresponding

displacement functions having from one-quarter of a cycle to me complete

cycle of oscillation. The response quantities studied Include the spring

defomtion, the relative velocity between the ms arl the ground, med the

absolute displacement, absolute velocity, and absolute acceleration of the mess

The objectives of these stMies were:

(a) To assess the sensitivity of the various response quantities to

variations in such parametes as the shape, rise time, ad perlodicity of the

input function.

(b) To develop simplified design rules for the construction of response

specta for the various response quantities to a greater degree of accuracy

than bas been possible previousl.
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(c) To formulate procedures for the construction of response spectra

for fairly involved input functions by synthesiuing the spectra for a series

of simple component inputs.

(d) To study the effect of viscous damping.

The approach used vas briefly as follows. First. the response of

undamped systems to pulse-like excitations and to a combination of simple

pulses was investigated for a wide range of the parameters involved, and, on

the basis of the infomation obtained, simple approximate rules vere formulated

for the construction of response spectra for the various response quantities.

Next, the effect of viscous damping was studied for systems vith coefficients

of damping up to 100 percent critical subjected to pulse-like excitations.

Finally, to check the applicability of the approximate rules developed to

inputs of extreme complexity, the response of undamped and damped systems

subjected to earthquake motions ws studied. The earthquake notions vee used

in preference to ground shock records because they are of greater complexity

than those associated with a nuclear explosion. and consequently provide a

severe test on the adequacy of the approximate rules.

The response spectra for the earthquake motions vere evaluated for

a much wider range of natural frnquencies than has been customary in previous

studies of earthquake effectsp so that these spectra could be correlated with

those corresponding to the simple pulses. It is shown that, even for pound

notions of the complexity of strong motion earthquiake records, the response

spectra are similar to those for the simple pulses, and that their salient

features can be estimated with reasonable accuracy from the spectra for the

simple pulses, provided the pross characteristics of the acceleration velocity

aA displaeemnt diagam of the pound ae know.



In the analysis of multi-degree-of-freedom elastic systems by the

use of response spectra, an upper bound to the maxim= response can be obtained

by taking the sum of the absolute values of the ximum response in the various

natural modes. This approach overestimates the response. Under some condLitions,

a better estimate can be mode by taking the square root of the sum of the

squares of the modal responses, but the sign of the error cannot be determined

with this approach. A much lover upper bound my be obtained if the maximn

positive and the mxiumn negative values of the response of single-degree-of-

freedom systems are knovn separately., both for the forced-vibration and the

free-vibration eras of the motion. A representative number of such spectra is

included in this report. In addition to being useful in the analysis of

systems with are than one degree of freedomp these generalized spectra provide

a great deal of insight into the behavior of the system, and enable one to

synthesize the response spectrum corresponding to a sequence or combination of

simple pulses from the spectra applicable to the individual pulses of the

input notion.

The second group of studies performed vs concerned mainly with the

response of single-degree-of-freedom elastoplastic systems having equal yield

levels in the tvo directions of deformation. Some consideration ws also given

to systems vith a bilinear resistance of the softening type. For these system

only the mim= deformation of the spring vas investigated. The parameters

stuied include the characteristics of the input motion, and the natural

frequency, yield point deformation, and damping of the systems. The input

notions considered include several pulse-like excitations and the two strong-

motion earthquake records used in the study of elastic systems. Fwtheaw0e

as an aid in the iterpretation of the results, the effects of an Instantaneous



displacement change, an instantaneous velocity change, and an instantaneous

acceleration change were studied in detail.

The results are summarized in the form of response spectra from

which the yield resistance required to limit the maximum deformation of the

system to a prescribed multiple of its limiting elastic deformation can be

determined directly. On the basis of the information presented, simple design

rules are formulated under certain conditions for the construction of deformation

spectra for elastoplastic systems in terms of the corresponding spectra for

elastic systems having the same initial slope in their resistance-deformation

diagrams.

All response quantities are presented in dimensionless form, in

terms of the maximum value of the appropriate input motion, so that revised

input data can be treated readily as they become available.

Section 2 deals with the response of elastic system, and Section 3

with the response of inelastic systems. The numerical data used to construct

the response spectra presented in this report are tabulated in Appendix A.

Included in this Appendix Is also a brief account of the method of solution

used. Finally, in Appendix B is given a suzmary of expressions for the

computation of various response quantities of single-degree-of-freedom elastic

systems with damping.

1.3 Notation

The symbols used are defined where they are first introduced, and

the most important ones are aumarized here.

A - pseudo-acceleration, defined as p2U for an
2

elastic system and as p 2 for an inelastic

system
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A - a cimim value of A0

A - maximum value of A corresponding to motion

during free vibration

c Q 0 reduction factor; see also Eq. 3.1. Its

reciprocal is defined as the overload factor

f - undamped natural frequency of system, in cps;

for an inelastic system, it represents the

frequency corresponding to the initial elastic

range of behavior

g - acceleration of gravity

k - spring constant

Sa mass

p - 4-k - undamped circular natural frequency

Pd a P - damped circular natural frequency

Q - spring force

m- absolute maximu value of Q for an Inelastic

system

QO - absolute maxilu value of Q for an elastic system

S- yield value of Q

T n undeaped natural period of system

Td a natural period of daped system

t - time

td - total duration of a pulse

tdo& tdov - durations of an acceleration pulse and a

velocity pulse, respectively; used only Vbun

confusion may arise

tr - rise time to maximm value of a half-cycle pulse
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t.,&, trv' trd = rise times for an acceleration, velocity and

displacement half-cycle pulse, respectively;

used only when confusion may arise

r = effective rise time, defined in paragraph

preceding Eq. 2.31

tra trv values of t r for an acceleration and velocity

pulse, respectively

t - time of occurrence of the absolute maximum value0

of a response quantity

toa, torv to,d - effective duration of an acceleration, velocity

and displacement half-cycle pulse, respectively

t a duration of dominant half-cycle pulse in an

input function

tlaO tl,vl tlt d - values of t for an acceleration, velocity and

displacement function, respectively

U - 1u0  - absolute maximum value of u without

regards to sign

U - maximum value of U0

u - x-y - relative displacement between mass and

ground = spring deformation

um - absolute maximum deformation of an inelastic

system without regards to tgn

u - maximum positive value of deformation

Un maximum negative value of deformation

U 0  - for an elastic system, the numerically greater

of the values of urax and umin; in Section 3 it

is used in lieu of U to denote the absolute

mauium value of u without regards to sign
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u =- yield point deformation

V - relative pseudo-velocity, defined as pU for

elastic systems and s pu for inelastic system

V 0 maximum value of V

x - absolute displacement of pass

x 0- peak extreum value of x, vith its appropriate

sign; in Section 3 It refers to its absoiute

value

x - I 0 1 - absolute auin value of x vithout

regards to sign

y - displacement of pound

Yav - average value of y for a half-cycle pulse

Yf --vesidual or final value of y

YO = absolute maxim= value of y vithout regards to

sign

yo.p - msaxmum value of y for the primary component of

an earthuake motion

- c/cr - fraction of critical coefficient of

damping

a u./u~ Y ductility factor
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SECTION 2

USPa! FiW sI3LZj-DuOmZ--FCK NABTIC S!SHIS

2.1 System Considered

The system considered consists of a rigid mas, , connected. to a

base by a weightless elastic spring and a dashpot exerting a resisting force

which is proportional to the relative velocity between the mess and the base,

as shown in Fig. 2.1. The spring constant is denoted by k and the coefficient

of viscous damping by c. It is assumed that the mass can move only in the

direction of the spring so that the system has a single degree of freedm.

The base of the system vill also be referred to as the ground.

The absolute displacement of the mass is denoted by x, the absolute

displacement of the gound by y, and the relative displacement between the

mass and the prond, the spring deformmtion, Is denoted by u, i.e.,

U = x - y (2.1)

Both x and y refer to the sam inertial tram of reference, and their positive

directions coincide. The quantity u is taken as positive when it prodces

tension in the spring. For a fixed-base system acted upon by an exciting

•force, the sprtng deformation, which is also equal to the absolute displace-

mat of the mass, is designated by x. A dot superscript denotes differentia-

tion with respect to tim. For exaqle, A denotes the relative velocity between

the ms ada the ground, and 2 denotes the absolute acceleration of the mass.

2.2 Regone Qantities of Interest

Throughout this report, the term response is used in a ganealised

sense to Include am response quantity, such as a force, stress, displacement

or velocity. In a similar mnr, the term 4istureame m refer te a loalt",

2-1



such as a force or pressure, or to a grouz motion, vhich my be described as

a time function of acceleration, velocity or displacement. Whatever its form,

the forcing function is premmed to be known and independent of the motion of

the system itself.

When the source of excitation is a force, the response quantities of

interest are the displacement, velocity and acceleration of the uss. For a

ground excitation, both the absolute and the relative values of these quanti-

ties my be needed. Of greatest importance is the relative displacement between

the uss and the ground, which is proportional to the force or stress in the

responding structure. The relative velocity, vhich is propartional to the rate

of straining of the material of the spring, is also of inte-st, as it my be

used to estimate the possible increase in the yield level of the material under

dynamic conditions and to determine the magnitude of the azima force due to

viscous damping. The relative acceleration between the mss and the pround,

although it does not appear to have any special practical significance, is

of interest, because it may be used in conjunction vith certain analogies to

obtain response quantities for odified forms of ground excitation. This mtter

is discussed further in Section 2.4. The absolute displameent, velocity and

acceleration of the us are needed because the design of the system my be

governed by limitations on the motion of its mss rather than by strength con-

siderations, and because these quantities my be used to defin the character-

istics of the input motion for a secondary light me that my be a part of the

main mao or my actually be attached to it.

2.3 Ftations of Motion

For use in subsequent developments, it is desirable to record here

the governing differential equation of otion. For a system subjected to a

ground excitation, this equation is
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" + 20p i + p2 u - 0 (2.2)

vhere 0(=c/ccr) denotes the fraction of critical coefficient of damping, and

p(- JE7) denotes the undamped circular natural frequency of the system. The

natural frequency of the systen in cycles per second is denoted by f, and in

given by the expression

Equation 2.2 can be written in one of the following alternate form:

~+ 2pp i+ p2X P y(t)+ 20p t(t) (2.3)

or

i + 20p A + p u - )(2.4)

The latter form is the more convenient of the two when the ground motion is

specified as an acceleration function. Obviously, the solution of these equa-

tions depends on the characteristics of the disturbing function, the degree of

damping in the system, as represented by the parameter a, and the natural fre-

quency of the system. Actually, the latter parmaeter enters in the solution

as a dimnstonless product of f and a characteristic time of the disturbing

function. The expressions for the various response quantities are given in

Appendix I in terms of Duhael's integral.

For a fixed-base system acted upon by an extr.4o forca P(t) applied

at the mass, the governing differential equation is

+ 20p k+ p X WP2X B (t) (2.5)
vhere

Xst(t) . P t (2.6)

denotes the deflection that would be produced by the force P(t) were to be

applied gradually to the system. This quantity will be referred to as the

static deflection of the system, and its maxim value will be designated u

(X t)o
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Equation 2.5 is analogous to Eq. 2.14, and its solution my be

obtained from that of Eq. 2.4 simply by replacing u by x and the quantity

(t) by minus p2x,(t). It follows that, if the external force P(t) Ma the

Sme shape as the acceleration function for the ground iqtq problem and if,

in addition, the initial conditions on x end i for the force input are the

sm as those on u and i, for the acceleration input, then the aplification

factors x(t)/(x,) o sa. [-N u(t)]/ o 0 fr the two mass viil be identical.

Similar analogies also exist between the derivatives of these uaities. In

particular,

Txst)° due to P(t) 0 due to y(t) (27)

and

IP(xt)o V1

bus, if the response histories for on set of quantities, say x,i and, are

available, the histories for the cmespooding set,, a, and S, can be obtained

directly. Obviousl., these analogies are also aplicable to the nazim values

at the response qvntities.

For a systm that is initially at reti, the initial coditions for

the two prbssim considered abo vill be the semif

Y(O) - t(o) - 0

2.A Al! es Between Reg ities Corrn to Different Fm

Let yj (t),. y2 (t) and y3(t) be three different mations, sw-h that the

displcemnt history of the first, the velocity history of the seoeA, eNd th

acceleration history of the third have the eae S ue. ftat Is,

YL'(t) tP(t) Y ( )

" T o " a'. o " (2 .9 )



where the subscript o denotes the minm value of the function to Vhich it is

attached. Also, let x (t) be the absolute displacement of the mss of the system

subjected to yj(t).

The equations of motion for z1 , x2, and can be eresed in terms

of yl' t 2 and 3 as follows:

2
= +,,P, p ,. p2yr(t) + 2 (t) (2.10a)

dt

d 2*2 dk2 2
dt R~ M-*12 - p % (t) + 20p 12 (t)(2I)

20 + (2.10b)(,

the last two equations being ebtained formly from Eq. 2.3 by differentiation.

NBw, if the initial conditions for these equations are the sams, the three solu-

tions will be identieal, aad it may be concluded that:

M ~ Gm*~ 1 2(t) due to t 2 (t ] ( ) [ d, ue to Y,(t)] (2.11)

by subtracting fram the three parts of this equation, the corresponding parts of

Sq. 2.9, and recalling that u, T x, - yj, one concluds further that

am to Y(5]%~t(t)] due to Y(t)] (1.12)

Similar anlogies also exist between the higher derivatives of these quantities.

Ow initial conditiomnsuf 3s1. 2.10 are specified in term of

x1(o) ad k4(o) for Eq. 2.10

*2(0) an 2(o) for Sq. 2.l0 and

3(o) a*Yo() for 31. 2.10c.
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The last three quantities can be related to the initial values of the input

notion by application of Eq. 2.2 as foUfovs:

!(O) - - ,2 (0) - 2t 02(0) (2.13)

2() _ - 3(0) _ 2 0Y (()2.)

and

13(o) 2pp'U3(o) - (1-e2 ) 2 O() + 2ft y3 (o) (2.15)

As an illustration, consider the special case of a syste, that ts initially at

rest. If the Initial values of Y1 t2 and Y3 are zero, the initial conditions

for each of qs. 2.10 are likewise zero, and the analogies of Eqs. 2.11 and

2.12 wre valid. On the other hand, if the initial values of Y1 , t2 and 3 are

different frca zero, it can readily be verified that only the initial condLi-

tions for Eqs. 2.1M and 2.10c are identical, with the reset that in Bqs. 2.11

and 2.12 only the analogies represented by bhe equality of the second end third

terms are valid.

For the special cas of a system ithot daing, it follows from

Eq. 2.2 that

1(t) - p2u(t) (2.16)

and the aelogies described in Uqs. 2.11 and 2.12 can therefor, be extended

accordingly.

Of special interest is the following set of analogies applicable to

the free vibration era of the action for systems without damping, If the teruInal

value of t 2 (t) in lea. 2.9 is zero, the m values of the velbctyv a,,-t4

Olopleamment 4uring free vibration ae related by tke equations

*2 (t) -Pxz(t) a Pu(t)
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since the motion is of the simple harmonic type. It follows then that the awia
values of

[ )due to y1(t)] = due to i 2 (t)]-[ 2 due to 3,,(t)] (2.17)

2.5 Response Spectra and Setral Quntities

For design purposes, it is generally necessary to know both the maxi-

a positive and the maxima negative values of the response. In certain appli-

cations, it my also be desirable to know the magnitudes of these quantities

separately both for the interval that the forcing function acts on the system

aMd for the tim folloving the end of the disturbance. If the direction of the

excitation cannot be preftcted4, or if the characteristics of the exciting func-

tion are such that the maxImma positive and the smaadza negative values of the

response are equally likely, then it wy suffice to know only the absolute mazi-

mesvalue of the response.

The subscript "max' will be used to desigmate the absolute uxiuzam

positive valve of a response quantity.. and the subscript *min! will refer

to the corresponding maxima negative value.* Thus

u " the absolute axom positive def ormation

%in' the absolute maxima negative value of the absolute displacement

The wmrically greater of the muxm-a positive aA the azimam negative resp as

quantities will be identified with the subscript o, and the absolute maziuma

value of the quantity, vithout regards to sign,, vill be lenatel by the capital.

letter of the sybol used to As sigmte that quantity. tbus

U -ImoI (2.18s)

U %I&1 (2.18b)

1,01~ (2 .18c)
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A plot of the maxizm value of a response quantity as a function of

the natural frequency of the system, br a quantity which is related to the

frequency, constitutes the response spectrum or shock spectrum for that quantity.

It is assumed that the system has a single degree of freedcm, and that the excita-

tion is known and independent of the motion of the system itself. For example,

the diagram expressing the variation of :k with frequency represents the

response spectrum for the absolute maxzm positive value of the absolute velocity

of the Mss of the system.

It is convenient to express the various response quantities in diman-

sionless form by normalizing them with respect to the maximm value of the

corresponding input quantity. For a ground motion, displacements my conveni-

ently be expressed in terms of the saxion ground displacement, velocities in

terms of the uwdlm ground velocity, etc. The ratio of the instantaneous

value of a response quantity to the corresponding mximm input value will be

referred to as the amplification factor for that quantity. The normalized

spectral quantities are the peak values of the amplification factors.

The term defomtion speetr.. vill be used to designate the response

spectrum for the absolute mazima spring deformation, U, or a quantity used

as a measure of U.

In many Instances, the maximu spring deformation =W be expressed

more conveniently by the quantity V, defined as

V-pU (2.19)

uhere p is the undamped circular naturl frequency of the system. The quantity

V has units of velocity, and is related to the mum strain eirg of the

Stem, 0", by the equation

n 2  (2.20)
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which follows from the fact that

Emax 2 2'U

Under certain conditions to be discussed subsequently, the quantity

V is identical to, or approximately equal to, the maximum relative velocity,

U, and these quantities have, at times, been used interchangeably. However,

they ae generally different from one another, and care should be exercised

in replacing one for the other. To avoid possible confusion, the quantity V

will be referred to as the relative pseudo-velocltyX, or simply pseudo-velocity,

ad the term relative velocity will be reserved for the true relative velocity

of the system.

Another convenient measure of the maxim spring deformation is the

pseudo-acceleration of the mass A, defined as

A - pV - p2 U (2.21)

and related to the BLXiMM spring force, Qoj. as follows:

Qo- W -U%. XA

where W is the welht of the system, and g is the gravitational acceleration.

Th force qo my also be written in the form

.a C W(2.22)

where C, the so-called lateral force coefficient or dynamic load factor, repre-

sents the mmber of tims the system must be capable of suporting its own weight

in the direction of otion, an is equal to the psendo-aceleratIon of the systm

eirmssed in units of gmvity.
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For a system without damping, the acceleration - - p2 u, Vhence it

follos that the quantity A &jQ rqtreents th6 absolute anxmm value of the

true acceleration of the mass, 2. For a damped system, A is only approximately

equal to X, but the difference between these two quantities is of practical

significance only for large values of damping, as will be seen subsequently.

It may finally be noted from Rq. 2.2 that, for a damped system, the value of

p2 u at the instant that u is an extream represents the true acceleration of

the mass, since the second term in this equation vanishes by virtue of the fact

that A - 0 at that instant. It is to be emphasized, however, that the in

values of these two quantities are equal only for 1 - 0.

2.6 Ground Notions of Interest

2.6.1 General. Whereas the detailed cbaracteristice of the ground

motions resulting from two nuclear ezplosions under coparable conditions ma=y

differ significantly because of unavoidable differences in the values of the

physical parameters involved, the gross or smoothed-out characteristics of such

motions are generally quite similar. These similarities ae particularly

noticeable in the records of ground velocity and ground displacement.

Examinatton of available field test data (Ref. l)* reveals that the

time-history of the ground velocity induced by a nuclear ezlosion is charac-

terized by a low-frequency, pulse-type of disturbance on which are sa~erimposed

oscillations of higher frequencies and usually smaller epplitudas of more or

less random cbaracter. The pulse-like disturbance will be referred to as the

primary component of the notion, and the oscillatory component as the secondary

or random compnent. The general shape, the peak value, and the duration of the

primry component can generally be estimated vith fair aCCuracy in term

*Listed at the end of the text.
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of the yield of the weapon, the distance of the point of observation from the

source of the explosion, and the direction of the motion. In contrast, the

random component cannot be defined reliably. This component arises mainly

from reflections of the transmitted shock wave and is influenced significantly

by the detailed properties of the medium through which the shock is transmitted.

Since the properties of the soil may vary in a more or less arbitrary manner

with depth or with distance from ground zero, the characteristics of this

component can at best be described in statistical terms. It can generally be

said, however, that the less uniform the soil conditions, or the greater the

ground range, the more prominent is the contribution of the random component

to the total input motion.

It is convenient to consider the effects of the two components of

the input motion separately, and to estimate the umzimum effect of the actual

input by a combination of the corresponding effects produced by the two com-

ponent inputs. The greater part of this report is concerned with the effect

of the primary component of the motion. However, the manner in which the random

component may modify the effects produced by the primmxy component, may also

be estimated from the data to be presented.

2.6.2 Wave Forms of Primary Coonent. In the immediate vicinity

of ground zero and at shallow depths, the velocity of the ground in the vertical

direction has the characteristic shape of the overpr'- ure curve, as shown in

the lower part of Fig. 2.2a. This is essentially a half-cycle pulse with a

sharp rise to a maximn value followed by a gentler decay. The corresponding

displacement-time curve, shown in the upper part of the figure, is a pulse

with a quarter of a cycle and a final or permanent displacement eqa to the

mawxim value of the rounvd displacement.
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As the distance from ground zero increases, the primary component

of the ground velocity changes into a more nearly full-cycle pulse with both

positive (downward) and negative (upward) parts. At the shorter ranges, the

area under the negative part of the velocity diagram is smaller than under the

positive part, and, consequently, the displacement-time diagram shows only

partial recovery from its maximu value, as indicated in Fig. 2.2b. At the

greater ranges, the two areas become equal to each other, and the ground die-

placement is represented by a half-cycle pulse with complete recovery, as shown

in Fig. 2.2c. In general, the duration of the negative phase of the velocity

pulse is longer than of the positive phase, and the corresponding displacemnt

pulse is very similar to the velocity pulse applicable in the imdiate vicinity

of ground zero. At still greater thnges, the velocity4Aiagraa my consist of three

or more half tycles., 'and the asdoclated Aspladent ija r MY bale either one

complete cycle, as shown in Fig. L2d, or several half-cycle. as discussed in Ref. 2

Half-cycle displaement pulses with complete recovery my also be

expected in the imdiate vicinity of ground zero if the intensity of the

shock or the strength of the ground material are such that no permaent dis-

placement results.

Evidently, the intensity of the ground tion decreases with Increas-

ing groundL rang, but this reduction in intensity my not be sufficiently great

to compensate for the increased dy amic effects resulting from the greater

umber of oscillations present in the input function.

The characteristics of the ground motion in the horizontal direction

are generally similar to those for vertical motion at great range. The tie-

history of the displacement is represented either by 'a half-cycle pulse with

eolete recovery, or a pulse with both positive and negative parts. It

should be noted, however, that the available data for this case ae not as

conclusive as those for notion In the vertical direetio.
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In suuwry then, the following forms of ground motion are of interest.

(1) Half-cycle velocity pulses,

(2) Half-cycle displacement pulses, or displacement pulses with
partial recovery from their usilum value.

(3) Full-cycle displacement pulses cCdqxie1 of both positive and
negative parts, and displacement functions vith several half-
cycles.

Inasmuch as it is physically impossible to have instantaneous changes of displace-

ent, velocity or acceleration of the ground, the displacement-time diagrams

and their first and second derivatives must be continuous functions. In the

following discussion, primary emhasis is given to the effects of continuous

functions as indicated above; however, sows discontinuous pulses are also con-

sidered as limiting forms of ground excitation. In addition, for the sake of

completeness and for the purpose of developing the various concepts in an

orderly fashion, consideration is first given to the effects of nations repre-

sented by a half-cycle acceleration pulse. For this class of excitation, the

velocity of the ground after termination of the pulse has a constant value

different from zero, and the ground displacement increases linearly, as shown

in Fig. 2.3. This type of motion is of course of interest in the design of

equipment unted in a moving vehicle.

It mut be noted here that the characteristics of the ground motions

induced by a nuclear blast are not unlike those obtained for some strong notion

earthqmuakes, and that, when properly interpreted, the dynamic response of

systeas to the two sources of excitation is generally quite sinilar. The earth-

quake motion is of course of longer duration than the blast induced motion,

and the random comonent of the motion is more pronounced for an earthquake

record. However, insofar as their effeci on systeidth moderate amounts of

dampingstv concerned, these differences are found to be at minor cofhequence.
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2.7 Deformation Spectra for Undamped Systems Subjected to Half-Cycle

Acceleration Pulses

2.7.1 Presentation of Data. In Figs. 2.4 and 2.5 are given

response spectra for the maximum positive and the maximn negative accelera-

tion of the mass of a system subjected to a ground acceleration in the form

of a half-sine pulse and a versed-sine pulse, respectively. The system is

considered to be initially at rest. In each figure, the response acceleration,

"t, normalized with respect to the maxima input acceleration, Y , is plotted

against the dimensionless product of the natural frequency of the systemAin

cycles per second, f, and the duration of the pulse, td* The results for

the forced-vibration era of the motion, i.e. the period during which the pulse

acts on the system, are given separately frm those applicable to the period

of free vibration. In particular, the solid line represents the spectrum for

the daxLmm positive acceleration during forced vibration, the dashed-dotted

line represents the spectrum for the corresponding maxim negative accelera-

tion, and the dashed line represents the spectrum for the maximw acceleration

during free vibration. In the latter case, the positive and negative values

of the response are numerically equal. Since the system has no dasping, by

virtue of Eq. 2.16, these spectra can also be interpreted as deformtion spectra.

In Figs. 2.6 and 2.7, the absolute maxiuo values of the positive and

the negative values of the response acceleration, ithout regards a to their

times of occurreuce, are replotted on logaritbc scales. On such a plot,

diagonal lines sloping upvard to the right are lines of constant values of the

ratio of the quantities plotted on the ordinate and the abscissa, and diagonal

lines sloping downward to the right are lines of constant values of the product

of these two quantities. The diagonal scales in the" figures have been normlised

such that they represent the dimensionless ratios
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and
Pyo Yo Y

respectively, where " 0 is the maximum value of the derivative of the input

acceleration function, the so-called "Jerk!'.

For input acceleration functions having more than a single half-cycle,

such as those to be considered subsequently, it is convenient to plot the

relative pseudo-velocity pu on the vertical axis of the diagram instead of

on the diagonal axis as was done in Figs. 2.6 and 2.7, and for the sake of

uniformity, the quantity pu will be plotted on the vertical axis for all

deformation spectra given in the remainder of this report.

In Fig. 2.8 the upper envelope of the spectra presented in Fig. 2.6

is replotted in this manner with the pseudo-velocity V normalized by the

maximum ground velocity . The corresponding spectrum for the versed sine

pulse is given in Fig. 2.9 along with those for two "skewed versed sine" pulses

having rise times, tr, equal to 1/4 and 1/8 the pulse duration. The latter

pulses consist of two half-segments of a versed sine with unequal lengths.

For t /td = 1/4, the duration of the second segment is three times as long as

that of the first. Included in Fig. 2.9, is also a sketch of the derivative

of the input acceleration function.

On a plot such as that given in Fig. 2.8 diagonal lines sloping upward

to the right are lines of constant displacement U, and diagonal lines sloping

doawnard to the right are lines of constant acceleration, A = X. Accordingly,

with the scales for the diagonal axes established, from a plot of V alone, one

can also read the vplues of U and A. In Figs. 2.8 and 2.9 the scales for A

have been normalized with respect to the maximum value of the input acceleration

"fo. The relationship between V/f o and /Y o may be stated as

V l oA (2.2)
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For a half-cycle acceleration pulse,

to "1 -_to+-.

and 1q. 2.23 reduce* to

V I A

For a verse4-sine pulse of arbitrary rise-dwration ratio,

and

V 1 k

For the class of inVut functions considered in this section., the scale for

the relative displacemnt U cannot be normlized vith respect to the isxim

ground displacement, since this displacement is not defined in this case.

For use In later sections, it is noted that, vhen y is defined, the relation-

ship between V/to and U/yo may be stated as

v Sf T o U (2.24)

2.7.2 Discussion of Results. From the Information that has been

presented and from a study of the additional data sumirlsed in References

throigh 7, the following observations can be made.

a. Low Frequency qytm. This term describes the condition in

vhich the duration of the exitation is small relative to the nstural period

of the system, i.e. tdf is small. Froa Figs. 2.14 through 2.7 it can be seen

that for values of tf less thma about 0.6, the absolute maxiuu value of the

deforution occurs during free vibration, with the result that both %" and

iS are n rically the m. As tdf Iproaches se., the curves qwrch

the limiting valme cc
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-MS 3. (2.25.)

and

vin in (2.25b)
Y- F- -

That this result is as it should be may be aprciated physically by noting

that, 'with yd approaching zero., the disturbing function approaches a velocity

step of infinite duration, for which it is well known that the m~ua and

minimum values of the deformation are as given by Eqs. 2.25. For use ibse-

quently, this result Is derived below by application or the simple Impulse

theory.

Consider first a half-cycle force pulse applied to the imass of a

fixed-base system. For =all values of tdf, the pulse may be approximted

by an Instantaneous velocity change of the ms, v0,v the magnitude of which

may be obtained by application of the imqulse-mmntu relation

-T f P(T) dr (2.26)
0

The displacement x may then be determined from the ezpression*

1(t) Z * sin pt (2.2T&)
p

which yields

x(t) -- f xt (r) di sin pt (2.27b)

The mximm value of this expression constitutes an upper bound to the tre

maximum displacemnt, since the effectiveness of the impulse has been over-

estimted. by assing it to be concentrated at t - 0 Instead of being spread

over a finite time.

*Woes otherwise noted, the limts, of intepation for the inte~vs1 expressions
presented are from 0 to td, and the -resulting equations are applicable for
values Or t > td.
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If the disturbing function is a ground acceleration Y(t) of the

saw shape as P(t), the resulting spring deformtion uy be obtained from

Eqs. 2.26 and 2.27s by replacing P(v).by -byr) and x(t) by u(t). The reslt-

ing expression is

U(t) f &J (-r) ft] sin pt - o sin pt (2.28a)

from which Eqs. 2.25 follow directly. In particular,

U < f Y(i) dT -1o (2.28b)

Note that 'itn occurs at T/4 and ung at 3T/14, where T is the natural period

of the system.

From the available atag, the error incurred by the use of this slle

iupulse theory is estinted to be less than 10 percent if

ti

vhere top is the effective duration of the acceleration pulse. This quantity

Is defined as the duration of a tril pulse having the sam peak value

and the same area as the actual pulse, and it is given by the eressioa

o 72 o 2 &Vt (2.29)

in which V is the average value of the Input acceleration. For the versed

sine pulses considered, the effective duration to, - t . The concept of an

effective pulse duration is introduced to account for circumstances in which

the exciting function includes low-intensity regions, which, on purely physical

gromds, can be eected to be relatively ineffective. From Eq. 2.23 it can

be verified that the lindtivn vulve of t f - L/s referred to aboye, espoeds
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to the value of tdf for vhich both V/ ° 0and A/j 0 are equal to one. In general,

the effect of pulse shape is unimportant for values of t of as high as 0.5.

b. High Frequency Systems. Figs. 2.4 through 2.7 show that for values

of tdf greater than that corresponding to the peak value of the curve for free

vibration, the maxim= positive value of I is greater than the maduim negative

value, the difference beccming progressively greater with increasing value of

tdf. As tdf approaches infinity, "t ax and mn approach the mLLmx positive

and the maximu negative value of the input function, respectively. For the

class of pulses considered in this section, the negative value Is of course

zero. These limiting values are valid only if the input acceleration is a

continuous function.

In general, *At) can be expressed as the sum of tvo components: a

function that Is proportional to the input acceleration, and a sinusoidal com-

ponent, the frequency of which is equal to the natural frequency of the system,

f. As f tends to infinity, the gnAtude of the first component becomes iner-

cally equal to the input acceleration, and, in the absence of any discontinuities

in the input acceleration, the amplitude of the periodic comonent reduces to

zero. The response of the system then spproaches that obtained under "static"

conditions, and the limiting value of A becomes equal to the mam;I input

acceleration.

The effect of a distontinuity in the input acceleration is to ake

the amplitude of the periodic comnent in the expression for Y(t) equal to the

magnitude of the discontinuity. If the input function has several discontinui-

ties, the amplitude of the periodic coonent at any instant is equal to the

nmrical sun of the discontinuities up to that instant. This condition is

illustrated in Fig. 2.10 for a series af acceleration pulses, Including two

full-eyle fuanction. ft dashed line curves I this figwe represent the input
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acceleration and the solid lines the acceleration of the system. The curves

are drawn on the assumption that the natural period of the system, as repre-

sented by the period of the oscillatory component of the response, is ma

in coprison to the small at time interval between consecutive disoontinuities.

These plots show that the limiting value of A must be either equal to the sm

of the absolute mulmim value of the input acceleration and the numerical sm

of the discontinuities preceding this nauu.ua, or equal to the maerical sm

of a greater number of discontinuities ad the magnitude of the following awd-

w, whichever combination gives the mmerically greater value. For ezample,

for the imput function considered in Fig. 2.10f, the limiting value of A is

~ * +or (zero + a., + @6j + a,]

whichever is greatest. From these plots, the limiting values of and dn

can also be determined, as shown.

It must be remebered that in the preceding discussion, the system

was presumed to be completely unamped. Obviously, the effect of damping is to

reduce the amplitude of the periodic co ionent of the motion, the -agntude of

the reduction being are pronounced in cases such as those shown in Figs. 2.10c

and 2.1Of, vhere the mu== response occurs at a considerable distance from

the major discontinuity, instead of then the madu occurs imdiately after

the discontinuity.

For am Input acceleration pulse without any discontinuities, the ramge

of freaqencies within vhich the quantity A my be considered to be equal to the

aium input acceleration depends on the shortest rise time of the pulse rather

than on its duration. From available data, sad particularly those given in

Fig. 4.19 of Ref. 3, it is concluded that the peak value of the input *d the

response accelerations my be considered to be equl for values of
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Sr,a ?12 (2.30)

where t is the shortest "effective" rise time to the peak acceleration. This

quantity is defined as the horizontal projection or a straigbt line extending

fron zero to the mazimim value of the input acceleration with a slope equal to

the maximam slope of the original curve,, and Is given by the equation

r, to (2.31)

The error incurred by the use of the approximtion referred to in Era. 2.30 Is

estimated to be less than about 15 percent.

The- general procedure described in the preceding paragraphs for the

caqgmttion of the response acceleration of high-frequency systems, in combina-

tion with the analogies presented in Art. 2.. can also be used to define the

limiting values of other response quantities and to obtain other useful infor-

mation. For emaqple.. the limiting value of !(t) sa be determined by considering

*I(t) to be the associated input function. Now, if 7(t) is a discontinuous

function, the amplitude of !it t) during free vibration will be different from

zero, awad from the mgnitude of this amplitude.. it Is also possible to define

the maner in which J~iin app~roaches its limiting value. For the half-cycle

acceleration pulses considered in this section, ymin occurs during free vibra-

tion, and Is therefore, related to Tmi by the equation

of

min % ~In

As an illustration, consider the spectra for the half-cycle acceleration pulse

presented in Fig. 2.6. In this case, Y(t) is a cosine function,. and the limit-

Ing value of y - , as ma be appreciated frmthe diagram ia Fig. 2.10.

It follows that at the Limit
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or

this result being substantiated by the data in Fig. 2.6.

For the versed sine acceleration pulse considered in Fig. 2.7, the

limiting amplitude of o(t) during free vibration is zero since "f(t) is a continu-

ous function. However, by working with the second derivative of y(t), which is

discontinuous, and its associated response quantity li(t), one finds that the

limiting value of the residual amplitude of "(t) is 2 *o.0

Accordingly,

t *n lyz~in 2'o

and by noting that
2

2 2

one obtains the result

Ngin.1 1

0 (tf)2

which agrees with the data presented in Fig. 2.7.

c. Maxim m Vales of A. In Table 1 are listed the values of AO

and Ar with the associated valves of tdf for the pulses considered in the preced-

ing sections and for three triangular pulses discussed in Hef. 3. The quantity

A0 denotes the absolute awdsuu value of A, and Ar denotes the maxinm corres-

ponding to the residual or free-vibration motion. The rise times of these

pulses, tr, are also listed along with the effective rise times, frp as defined

by Sq. 2.31.

In Table 1 the smallest value of A0/ 0 - 1.26 is obtained for a

triangular pulse with vertical termination, and the greatest value of 2 is

obtained for pulses with a vertical front. Mw results show clearly that the
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rise time of the pulse In the most important single parameter influencing the

magnitude of the absolute mwxim response, the detailed shape of the pulse

being of secondary significance. Between pulses having the same peak value

and the same duration, the greater value of AIY° can generally be expected

to occur for the pulse with the shorter effective rise time.

For pulses with a smooth rise, the value of Ar is equal to or slightly

less than the absolute maximm value Ao . However, the difference between the

two sets of values increases with decreasing rise time, with the maxdmum differ-

ence obtained for a pulse with vertical front and a smooth decay.

The value of tdf corresponding to A0 o/y generally increases with

decreasing rise time. Although there does not appear to exist a simple way of

defining this value, it is worth noting that it is consistently greater than

or equal to the value corresponding to the peak residual acceleration, Ar, the

difference between the two values becoming greatest for the pulses with a

sharp rise. The value of tdf corresponding to Ar can most reliably be approxi-

mated in terU s of the effective duration of the pulse, to,a, as follovs

t fz 0.8 or tdf = 0..l (232)to,a av (.

For an acceleration pulse with a vertical front and a smooth decay,

the response spectrum for Ato increases monotonically with tdf, and approaches

the value of 2 as a limit. For such pulses, for values of tf greater than 1.0,

the qmatity A/Yo can be approximated by the expression

0 0

vhere y(O.5J) is the value of Y(t) at a time equal to one half the natural period

of the systme. When expressed as a fraction of the total pulse duration, this

time is equal to 0.5/(t 4 f). In the folloving table, the oproxtiate and eat
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values of A/7 0 are co.pared for an initially peaked triangular pulse and for a

cosine function of one-quarter of a cycle. The exact values for the latter

pulse were obtained from a plot included in Ref. 5.

Triangular Pulse Cosine Pulse
Approx. Exact Approx. Exact

1.0 1.50 1.57 1.71 1.82

1.5 1.67 1.72 1.87 1.91
2.0 1.75 1.79 1.92 --

2.7.3 Design Rules. For design purposes, the response spectra

for the absolute maximum deformation of undaped systems subjected to half-

cycle acceleration pulses vithout any discontinuities can be approxlmted as

shown in Fig. 2.11. For specific numerical applications, it is convenient to

plot this diagram on a four-vay loSarithmic grid similar to that given In

Fig. 2.12, in which the scales are ezpressed in absolute units Instead of the

dimensionless ratios used up to this point. To a first approximation, the

spectr my be defined by the straight line segaments ab, be, de, and the

curved segent cd. Improved accuracy can be obtained by we of the meooth

transition curve, as shovn by the dotted line.

The spectrum is defined u follove:

(a) Along the horizontal line ab, the relative psevfo-velocity T

is equal to the maximum value of the ground velocity.

(b) Along the diagonal line be, the acceleration A is approximately

equal to 1.5 times the muim proun acceleration.

(c) Along the diagonal lin de, the aeceleration A Is equal to the

mnlam ground acceleration.
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(d) The curve ed is tangent to the line bc and intersects line do

at an angle, as shown in the figure. The frequency corresponding to point d

is determined from the expression r, af w 1.25, and that of point c can best

be estimated from the data given in Table 1. For a symnetcal pulse, the loca-

tion of c may be determined from Eq. 2.32.

For a discontinuous input function, the diagram must be modified

in accordance with the general observations mede previously.

2.8 Synthesis of Spectra for a Sequence of Half-Cycle Acceleration Pulses.

In addition to providing a great deal of insight into the behavior of

the system, the detailed spectra of the type presented in Figs. 2.4 and 2.5 can

also be used to synthesize the response spectrum corresponding to a sequence of

half-cycle pulses. This possibility is described with reference to the full-

cycle acceleration pulse shown in Fig. 2.13, the individual pulses of which my

be of azq shape for which detailed spectra are available.

The basic idea is to consider the motion produced by each half-cycle

pulse acting independently, and to combine the resulting maxinum effects,

taking into consideration both thO shape and duration of the individual pulses

and also the times at which these effects take place. Fig. 2.13 shows the

motion produced by each coponent pulse acting alone, along with the notation

used. The symbol V o,1 denotes the maxim m value of the acceleration produced

by the first pulse during forced vibration, i.e. in the interval t < t, and

Vr,1 denotes the corresponding residual maximm. The remaining symbols are

self-explanatory.

The absolute maximum response due to the actual pulse will naturally

occur in one of the follo ing regions:

Region 1, corresponding to t < ti

Region 2, corresponding to t 1 < t < t d

Region 3, corresponding to t > td
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Let R denote the magnitude of the maximum response for the jth region, and

R be the absolute maximum response.

For the first region, R, is evidently equal to Y the latter value
0,1'

being determined from the appropriate spectrum for the first half-cycle pulse

and the specified value of the frequency parameter t 1 f.

For the third region, 3 is obtained by a combination of the ampli-

tudes of the tvo residual oscillations, xrl and "tr,2 ,these quantities being again

determined from the appropriate spectra with the appropriate values of t 1 f and

t 2f. These amplitudes may be combined in a number of different ways, of vhich

the following tvo appear to be the more appropriate:

(a) Take the numerical sm of "ir. and 1r,2 (2.34)

(b) Use the expression

R /(r,l) 2 + (Vr,2) 2  (2.35)

The first approach, vhich assumes the two residual oscillations to be in phase,

obviously leads to an uper bound. The sign of the error comitted by the

second approach, vhich amounts to assuming the two residual oscillations to

be 900 out of phase, cannot be determined in general.

For the intermediate region, the response R2 is couted by combining

the quantity "1o,2 vith the amplitude of the residual oscillation due to the

first pulse, f r,l. Two alternatiw procedures w~e noted vhich are mloous to

those used for region 3.

An vpper bounA W be obtained by linear s~ezoeition as follom:

2 5 *o,2 * 1r,l (2.36)

where the sigs are selected so as to yield the mxm possible mercal value.
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Alternatively, one may use the expression

2 = a (o, 2  + 2, (2.37)

where (to,2 - a2) approximates the oscillatory component of the motion induced

by the second pulse, and the square root quantity approximates the emplitude

of the oscillatory component due to both pulses.

As an illustration, consider an acceleration function composed of

a sequence of two half-sine waves such that tl/td a / end 2o tlt 2 = 1/3.

Assume further that tif = 0.5; whence it follows that t 2 f - 1.5.

By entering Fig. 2.4 with the appropriate values of the frequency

parameter, one finds that

Xo,1" w.57 YO Ir, - t.57 Yo

2o,2 ' 1.5 &2 o.5 Yo Ir,2 - 0

It follows that

. "1o,1 - 1.57 Yo

(-1.57 - 0.5) yo " " 2.07 Yo, by Eq. 2.36

R2 / 0

[_ 0.33 - (0.5 - 033)2 + (1.57)2] t -o 1.91 Yo, by Eq. 2.37

and

1(1.57 + 0) Yo - 1.57 YO, by Eq. 2.31 i

*(1.57) +0 o - 1.57 Yo, by 3q. 2 .35

The absolute mxima value of the response is, therefore, R = -2.07

by linear superposition, and R - -1.91 by the square root rule. The latter value

happens to colncide with the maet value.
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In Pig. 2.14a the response spectrum for the acceleration function

considered in the preceding ezaple is compared with the results obtained by

the two versions of the approxiate procedure presented. A similar ccmpari-

son is made in Fig. 2.14b for a full-cycle sinusoidal function. As might have

been expected, the agreement is better in the first case where one of the

pulses dinates the response.

It ust be noted here that the response of the system in the low-

frequency range can reliably be predicted by simple relations to be presented

later, and therefore this procedure need not be used for this frequency range.

The procedure is recoended especially for the computation of the absolute

mm value of A, and will be used for this purpose later.

2.9 Deformation Spectra for Undsagped Systems Subjected to Ralf-Cycle Velocity

The pulses considered in this section are of the type shown in Fig. 2.2a

for vhich the areas under the positive and negative parts of the acceleration

function are equal. fhe system is pre ed to have no dampIng and to be inL-

tial1y at rest.

2.9.1 Low Frequency Systems. If the duration of the velocity pulse,

td, is short in comparison to the natural period of the system, the maxium

gound displacement, yo' will be attained before the mass of the system has had

an opportunity to respond, and the roand notion will literally be mabnorbed

by the spring. It is physically apparent that the first extrem value of the

deformation ill occur approximately at t - td, and will be nearly equal to the

negative value of yo. The subsequent motion of the mes will be essentially

that of a fixed-base system subjected to an Initial deforatim -Yo . It

follovs, therefore, that
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Sa- y U 1 mYO 0

1si O 0 ~ ~ y X Y"min, o 0=,=- 2 Yro  X-=2 Yo

and that the first values of ue X and ] = will occur approximately at

t - td + 0.5T.

The limiting value of U for this case can also be determined from

Eq. 2.28b by making use of the analogy expressed by the second and third term

in Eq. 2.17. Noting that A - p%, one obtains

v < pf ,) p ., - p yo  (2.38a)

or
U < 1

If the aximu ground displacement y0 is expressed in term of the pound

acceleration, Eq. 2.38 cn be vritten alternatively as

U <-' r) r ft (2.38b)

The latter integral represents the mnt of the acceleration diagrm about

the end of the alse.

2.9.2 Presentation and Discussion of Results.

a. Characteristics of Representative Spectra. In Fig. 2.15 are

given response spectra for the relative displacement U, the relative pseudo-

velocity V, and the pseudo-acceleration A, of a system subJected to a versed-

sine pulse of ground velocity. A sketch of this pulse gna of the associated

acceleration and displacent functions are included in the figure. It iast be

eqihasized that these curves are Interrelated by Eq. 2.21, and that if o of

them Is known, the remaining two can be determined.

It can be seen that the deformation U never eeef the jaxima

pou displacement, and that, for small values of tir, it is essentially
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equal to y~ 0 As far as the acceleration A is concerned, at large values of

tdf, 0It Is ir iteyequal to the ULZUzo grouna acceleration Yo .but the

peak valve of A is greater than Yo and occurs In the Intermediate rungs of

tdf vvlu*s. Thiese limiting values of U aid A awe in ageement vith those

discussed in the preceding section.

Of special significance Is the relative order of magnitude of U/Yo

and A/y0 for the extrem values of tdf. At small values of tdfJ the amplifi-

cation factors for A are a fraction of those for U, Vhereas at the Jlargs

values, the order of the curve *If reversed, and the amlification factors,

for U are a fraction of those for A. It vould appear that, for low-frequency

systems, the maximum defomtion is insensitive to the details or the accelera-

tion and velocity records, whereas for high-frequency systems, it lto insensitive

to the characteristics of the izulut displacement. In the Intermediate rangs,

the response appears to be sensitive to the characteristics of both the velocity

and the acceleration traces. Secause of the general shape of these curves, the

ma~me deformation of medim-freqnsney systems can awe conveniently be

exressed in term of V Instead of directly In terms of U. Simlarly, for

"i-frequency systems, the quantity A is a mwe coavenient measure of the

minuium spring deformation than either 0 or V. It Is essbntially for this

reason that V and A are used as alternative issres of U.

Th ium positive and the maimis negative values of the spriag

deformation are shown separately In Pigs. 2.16 and 2 .176 in the form of

acceleration speCtra mMa pseudo-velooit7 spectra, respectively.

fefollowing characteristics of the curves are worth noting.

(a) For nves of t4Lf 5 1, the ainum dftrmtiom occurs dmixg

free vibration, with the result that the positive and meptIve values of the

respmie are in cawl equel
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(b) The absolute maxmm, value of the pseudo-velocity, Vo' occurs

during free vibration.

(c) For values of t 4 f ? 1, the maxima deformation during forced vibra-

tion is equal to, or constitutes a Dod anroaxcmtion to, the absolute mazint

value. Furthermore, the positive and negative values of the response are

close to one another, but this ageient is believed to be valid only for

symetrical velocity pulses for vhich the positive and negative parts of the

Input acceleration have the same general shape and magnitude. If the peak

g' ades of the two parts of the acceleration funttion are different, Vam

will converge to the corresponding negative value. This condition is illus-

trated in Fig. 2.17b vhich refers to a skeved versed-sine velocity pulse vith

a rise tie of 0.25 t 4 . The ratio of the minimim and iniuwu values of the

Input, acceleration function being 1/3, the limiting Value of 11 1M - .

(d) For the pulses considered, the peak values of the acceleration

A for the forced vibration and the free vibration eras of the motion are close

to each other. Pertinent data are msu rised below for a class of skeved

versed-sine velocity pulses having rise-4urtito ratios of 1/2, LA aud 1/8.

Fered Vibration Free Vibration

1/2 3.25 3.21

lA 1.97
1/8 1.85 1.71

b. . ffects of Rise T i and Discontinuities in Acceleration. ?he

spectra in Fig. 2.18 are for a family of sked, versed-sise velocity pUses

vith rise tinme mang ftram 1/2 to 1/8 the duration of the plse.
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It can clearly be seen fro this figure that for values of tdf less

than one the effect of rise time is almost inperceptible. Similarly, at the

right hand end of the diagram, the limiting value of A for each curve can be

.shown to be equal to the maximum input acceleration Yo. By virtue of the

fact that the gnsue of the ground acceleration for a fixed value of the

maxima ground velocity increases with decreasing rise time, on a plot such

as that given in Fig. 2.18, the location of the limiting value of A shifts

to the right as tr, ,/td decreases. Thus, the principal effect of a decrease

in the rise time is to increase the width of the nearly flat portion of the

V-spectrum.

In Figs. 2.19 through 2.22c are given deformation spectra for several

velocity pulses the derivatives of which are discontinuous functions. The

velocity pulses considered include a smyetrical parabolic pulse (Figs. 2.19

and 2.20), a skewed sinusoidal pulse with a rise time equal to one third the

total duration (Fig. 2.21), and a series of triangular pulses with different

rise-duration ratios (Figs. 2.22a throuab 2.22c). The velocity pulses and

the corresponding acceleration histories are shown In the Inset diagram. The

values of tdf below which the absolute mnzlm resposse consistently occurs

during free vibration are also indicated.

For values of tdf between zero and a value slightly greater than that

for which V is maxLnm, the spectra presented in these figures are alioet

Identical to those presented earlier, verifying the prediction that, for flexible

systems, the maxism deforstion is dependent on the shape of the ground dis-

placenent alone, rather than on the shapes of the corrsponding velocity or

acceleration traces. In each case, the spectrum is bounded on the left by a

line of constant displacement equal In mapitude to the mzinim round displace-

mast. For values of tdf less than that for which V/k o a 1, the maxim error

due to taking 0 = yo is for all practical purposes negligible.
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T* contrast, for values of tf > 1, the magnitude and general appear-

ance of the curves are influenced to a rather significant degree by the detailed

features of the input motion. In Figs. 2.20 and 2.21 the limiting value of A

is equal to twice the maximm ground acceleration, and in Figs. 2.22 it is

equal to twice the maxima value of the discontinuity in the input acceleration

function. These limiting values are in agreement with those predicted by the

procedure described in Art. 2.7.2b. In Fig. 2.22c the curve for tr,v/td - 0

approaches asymptotically the line t/ - 1, because the maxim input accelera-

tion is infinite in this case, and the velocity function approaches a step pulse

of infinite duration.

For an input acceleration without any discontinuities, the response

of a high-frequency system may be considered to be the eame as that obtained

uner static conditions if Eq. 2.30 is satisfied for each comonent pulse in

the input acceleration. Nowever, if the aulitudes of the individual pulses

are significantly different from one another, it may be sufficient to satisfy

this relation only for the pulse with the greatest ordinate, since the effect

of the remaining pulse or pulses may be negligible.

c. Maximm Values c V and A. The maxims values of V, for the

velocity pulses considered in the preceding sections and for several additional

pulses considered in Ref. 2, are listed in Table 2 together with their corres-

ponding values of tdf. TM results for the pulses identified with an asterisk

correspond to maxima that occur during free vibration, but these maxim are

expected to be equal to or very close to the absolute maxima values. Pulsaes

5& and 5o are defined by Eq. 4.6 of Ref. 2 As the product of a versed sine

function, a skewing constant, and a decaying -on~wtt&L. function.

It can be seen that the value of Vo/t 0 rages between 1 and 2, the

lover bound corresponding to a rectangular velocity pulse of Infinite duatlon,
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and the upper bound to a rectangular pulse of finite duration. These limiting

values suggest that, for velocity pulses of other shape, the smaller values of

VJ o would occur for pulses having a sharp rise and a gradual decay, and

that the larger values, would correspond to pulses having a sharp rise, a sharp

decay, and a fairly flat intermediate region. It follows further that, for

symmetrical pulses, the values of V0/' o can be expected to be greater than

those for unsyetrical pulses, and that among symaetrical pulses of the same

duration and the same peak value, the greater values of VoltO would correspond

to the pulse having the shortest effective rise time combined with the flattest

top. These conclusions are substantiated by the numerical data presented in

Table 2. The effective rise time, Er,v' defined in a manner analogous to that

used for a half-cycle acceleration pulse, is given by the equation

90
,o

In the absence of specific information about the shape of the velocity pulse,

the value of V0 for the unsymmetrical velocity pulses encountered in ground

shock problems my be taken as 1.5 times the maaxtdu inut velocity.

It may be recalled that in discussing the effects of half-cycle

acceleration pulses, it was noted that the maxima value of A depends primarily

on the effective rise time of the pulse, and that the detailed shape of the

pulse, including its decay time, vere relatively unimportant. That the signl-

ficant parameters for an acceleration input are different from those for a

velocity input can best be apreciated by considering the response of high-

frequency systems to a rectangular forcing function. For an acceleration

input, the amplification factor for Ao Is one, irrespective of the duration

of the pulse, whereas for a velocity input, the aqplificator factor for V0

is one only for a pulse of infinite duration, and beomes two for a pulse of

finite duration.



In Table 2, the values of tdf corresponding to o range from 0.50

to 1.9, with the majority of the values being of the order of 0.7. The maxi-

mum value is obtained for the decaying skewed versed-sine pulse, No. 4a, for

which it is physically apparent that the "effective duration", toV, which

excludes the low-intensity tail end of the pulse, is shorter than the actual

duration. The location of Vo can more reliably be expressed in terms of the

effective duration parameter to f, the values of which, as can be seen from

the table, are considerably less dependent on the details of the pulse shape

than are those of the parameter t df. The quantity too' defined in a manner

analogous to that presented earlier for an acceleration pulse, is given by

the expression

t 2 =- a 2 T_ td (2.4oj)

In the absence of detailed information about the shape of the velocity pulse,

V0 .q be considered to occur at a value of

to r z o.8 or tdfO a oA v-

For the pulses considered, the values of AO /j o range from a haximum value

of 1 to a value of less than 2. In general, the larger values are obtained for

the acceleration pulses for which the positive and negative half-cycles are of

the sam shape and duration (i.e., for symetrical velocity pulses). In the

following table, the exact values of Ao(° for the class of skewed versed-sine

velocity pulses considered are compared with the values obtained by application

of the two versions of the approximate procedure described in Section 2.8. For

the values given in the third column, the contributions of the individual pulses

were combined linearly, and for the values given in the fourth column the square

root rule was used. The agreement between the exact and the approximate values

is considered to be quite adequate for all practical applications.
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t M4axiuma Values ofA ro
td  Exact Approximte,.

1/8 1.85 1.85 1.84

1/4 1.97 2.17 2.06

/2 3.30 3.6 2.86

Strictly- speaking, the, -v.lu of A0 di p Ms nb only -on the-relative

aqlitues and durations of the individual pulses in the input acceleration

function, but also on the pulse shapw; thenselves, as my be appreciated

froi the discussion presented in Section 2.7.2. However, in the absence of

infocmation about the detailed shape of these pulses, the value of Ao myw be

taken approximately as 1.5 times the nmerical am of the mezia and minium

values of the input acceleration.

The location of Ao can best be defined in terms of the duration ti,

of the dininant acceleration half-cycle rather than the total duration of the

pulse. The quantity tla, is, of course, equal to shorter rise time in the

associated velocity pulse, tr T  For cotious fu ations, AO my be considered

to occur at a value of

t1., z o.6 (2.41)

2.9.3 Design Rules. For design purposes, the deformtion spectra for

systems subjected to half-cycle velocity pulses my be approximted by the diagrm

given in Fig. 2.23, provided the ground acceleration is a continuous function.

To a first approxiation this spectrum my be defined by the straight line seg-

ments ab, be, ed, ef and the curved segent de, as follow:

(a) Along the diagonl line ab, the displacement U is equal to the

mzlan value of the groun displ.acement.
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(b) Along the horizontal line bc$ the relative pseudo-velocity V Is

equal to 1.5 time the maziim ground velocity. if the detailed shape of the

input velocity is known, a more precise estimate for this upper bound on V ma

be obtained fro, the data presented in Table 2.

(c) Along the diagonal line ad, the acceleration A in equal to 1.5

times the sum of the absolute values of the mwdmuum. and minimum ground accelera-

tions. if the input function is known exactly and response spectra for the

component pulses are available, a samefat better estimate of this value of A

my be obtained by the procedure described in Section 2.8.

(d) Along the line ef,9 the acceleration A is equal to the mazlm

ground acceleration.

(e) The curve de Is tangent to the lim cd and intersects the lim

ef at an angle, as shown, in the diagram. The frequencies corresponding to

points d and e are determined approximately from the expression shown In the

figure. The frequency for point d should not be smi1ler than the frequency

corresponding to point c of the diagram.

(f) The transition curves shn in dotted limes ame tangat to the

straigbt lime segments at points g,. h and d. Point g corresponds to a value

of - tk'j and point h corresponds to a frequency determined from Eq. 2.40b.

The latter frequency should not be greater than that corresponding to point a.

2.10 Deforation Matmr for Ug!a Ustems Subjected to Umif-Cle

The pulses considered In this section are of the type shown In

Pigs. 2 .2c and 2 .2b. Aslbefore, the system is considered to bave so damping

and to be Initially at rest.

2.10.1 Low Frejaemy System. Prom a physical argumesnt entirely

analogous to that used in Section 2.9.1,, one conalWdes that for lw-fequncy
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.system the first extrmum value of the deformation will occur at or near

the instant that the ground attains its maximum value and will be approxi-

mstely equal to the negative value of yW, i.e.

a= o at tztd (2.42)

The second extremu will occur after termination of the pulse. by virtue of

the similarity of Eqs. 2.3 and 2.5, the absolute displacement of the system

for t > td can be determined from Eq. 2.27b by replacing xst(-r) by y('r), as

follows

x(t) M p [fy(i) dr] sin pt a ptd yav sin pt (2.43a)

where y is the averap value of the displacement in the interval between

0 and td. Equation 2.43a also represents the relative displacement u(t),

since y(t) - 0 for t > t d . It follows then that

-a x., : <Ptd Y&, (2.4I3b)

or

u xr
70 0 701 t f

'he first values of Umx and x occur at a time roughly equal to one-half

the natural period of the system. Incidentally, Eq. 2 .4 could also bave been

obtained from Eq. 2.38s by utilizing the mlogW empressed by the first two

term in Sq. 2.17.

For a gound displacement y(t) with partial recovery, the relative

displacement for t > t d is given by the expression

u(t) : ptd Tav sin pt - Tf coe[P(t-td)I,

in which the first term represents the contribution of the pulse within

0 < t < td, and the second term represents the contribution of the residual

or final displacemnt of the ground, yf. For small values at ptd, taking

sin Ptd a pa nd coo Pta - Is one obtains
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u(t) z ptd (yav - yf,] sin pt - Yf cos pt,

vhence
Umaxa 2 ~yf1 2 Fy1

_______S2___f__ 2___+_____ (2.145)4~ Yo 1L - ri (tdf) LJ

For a displacement pulse with ccuplete recovery, the absolute maxi-

mum value of the deformtion, U, is the numerically larger of the values given

by Eqs. 2.42 and 2.4., and for a pulse with partial recovery, it is the larger

of the values given by Eqs. 2.42 and 2.45. For a displacement pulse with com-

plete recovery, Eq. I. governs for values of

1 YO (2.146)
tdf <2s Yav

2.10.2 Presentation and Discussion of Data. In Fig. 2.24 are

presented response spectra for the maximum and minimum deformations of undamped

systems subjected to a half-cycle displacement pulse. The acceleration diagram

of the input motion consists of a sequence of three half-sine pulses of the

same amplitude and of durations tl, 2t, and tl, respectively, as shown in the

inset diagram. The maximum deformation, ua x , corresponds to an extension of

the spring and is a positive quantity, whereas u.em n corresponds to compression

and Is a negative quantity. It should be noted that the abscissa in this figure

is the quantity 2t1f instead of the quantity tdf used in previous figures.

The quantity 2t Is also equal to the duration of each velocity pulse and to

the rise time of the associated displacement function. Included in this figure

as dotted line curves are also the results obtained from Zq. 2.42 and frm the

right member of Eq. 2.144.

In Figs. 2.25& and 2.25 are presented similar curves for a versed-

sine displacemnt pulse and for a skewed versed-sine displacnnt pulse with a

rise-duratlon ratio of tl/td - 1/4. The upper envelopes of these curves are

caipared in Fig. 2.26 vith the corresponding curve for a d1splaceent pulse of
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the sam family but with a value of tl/td - 1/8. The displacement pulses

considered in these figures are identical to the velocity pulses considered in

Figs. 2.17a through 2.18.

The following characteristics of the curves are vorthy of note:

(a) Unlike the spectra for the half-cycle velocity pulses considered

previously, which were bounded by a value of U equal to the maxim= ground

displacement, the spectra presented in this section have values of U exceeding

the maxim= ground displacement over a considerable range of the frequency

parameter.

(b) For low-frequency systems, the results obtained from Eqsi 2.42

and 2. are in good agreement with the exact values. Note, in particular,

that the approximate results define with reasonable accuracy the initial position

and the initial slope of the "hump" on the left-hand portion of the diagram. In

the following table the values of t f corresponding to this break In the spectra

are compared with the values obtained from Eq. 2.46 for the family of skewed

versed-sine displacement pulses.

t I  Value of t f

td Exact From Eq. 2.46

1/2 0.15 o.16

1/4 0.084 0.o8o
1/8 0.02 0.039

(c) For the motion considered in Fig. 2.24 the limiting value of

AA 6 for high-frequency system is 1.0, whereas for the motions considered in

Figs. 2.25 it Is equal to 2.0. This is due to the fact that the acceleration

functioA, of the first notion is continuous, whereas of the second notion it is

discontinuous. These limiting values are in agreient with those predicted by

the procedure descrbed in Section 2.7.2b.
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(d) The absolute maximum value of the deformation, U0 , occurs during

free vibration, and the maxim)m value of the pseudo-velocity, V0  either occurs

during free vibration (as in Figs. 2.24 and 2.25a), or is a close approximation

to the corresponding maximum obtained during free vibration (as in Fig. 2.25b).

It may be recalled that for the half-cycle velocity pulses considered in

Section 2.9 similar results vere obtained for the quantities V and Ao .

Accordingly, the analogies given in Eq. 2.17 are applicable, and it follows

that the value of Uo/y o for a half-cycle displacement function mast be equal to

the value of V0 /o for a velocity input of the same shape, and they must occur

at the sam values of tdf. Similrly, the coordinates c Vo/o for the

displacement input may be considered to be the sme U those for Ao/ O for the

corresponding velocity input. That this is indeed true can be verified by

comparing the corresponding coordinates of the spectra presented in Figs. 2.17

and 2.25. The magnitude of A for the displacement pulses cannot be obtained

by analogy of the results presented previously, but it is clear fron the

material already presented that this quantity depends primarily on the number

of half-cycles in the input acceleration, on the degree of regularity of the

individual pulses, and, to a lesser extent, on the shape of the individual

pulses. If the spectra corresponding to the component pulses are available,

then the value of A0 may be determined with good accuracy by use of the procedure

described in Section 2.8. In the absence of detailed information about the

characteristics of the ground acceleration, the approximate design rule given

In the next section my be used.

In Fig. 2.27 are given deformation spectra for a half-sine displacement

pulse. It is important to note that, vhereas the left-hand portions of these

spectra are quite similar to those presented n F g. 2.24 and 2.25a, a result

that might have been anticipated from the similarity, of the three displacement



functions, the right-hand portions differ radically. It should be apparent

that the medium-frequency and high-frequency regions of a deformation spectrum

are functions of the detailed or "microscopic" features of the displacement

function, which are generally difficult to ascertain from the displacement

diagram itself. These features are most clearly depicted in the velocity and

acceleration diagrams of the input motion. In Fig. 2.27 the spectrum approaches

a horizontal asymptote because the velocity diagram of the input motion is a

discontinuous function (i.e. the acceleration function has infinite discontinuities).

By utilizing the procedure described in Section 2.7.2b and the analogy

expressed by the second and third terms in Eq. 2.11, it can readily be shown

that as tdf - the maximu and minimum values of the velocity of the mass, x,

approach a value equal to twice the maximm ground velocity. This relation is

also valid during free vibration. But, since (t) - 0 for t > td,

iIi - pu

whence it follows that

tpu - IpumI -2

Some data for displacement pulses with partial recovery are given

in Ref. 8.

2.10.3 Design Rules. For design purposes, the deformtion spectrum

corresponding to a half-cycle displacement pulse, or a pulse with partial

recovery, my be approximated by the diagram abcdefgh, as shown in Fig. 2.28.

For Improved accuracy, the portion of the diagram between points b and f my

be replaced by smooth transition curves as shown by the dotted lines. The

time histories of the displacuemnt, velocity and acceleration of the pound



are considered to be continuous functions. The characteristics of this diagram

are as follows:

(a) Along the limiting lines ab and gh, the relationship between

the input and response quantities are the same as for the corresponding lines

ab and ef in Fig. 2.23. Furthermore, the frequency corresponding to point g

is the same as that for point e in Fig. 2.23.

(b) For a displacement pulse with complete recovery, the displacement

U along line bc is given by the right-hand member of Eq. 2.44, and for a

displacement pulse with partial recovery, it is given by Eq. 2.45.

(c) Along line cd, the displacement U may be approximated by the

equation

U YO1.5 - 0.5 o(2.47)

(d) Along de, the relative pseudo-velocity V is equal to 1.5 times

the sum of the absolute values of the maximum and mlnlm ground velocities.

This relationship is the same as that between the response acceleration A and

the input acceleration for line cd in Fig. 2.23. If the velocity of the

ground is known accurately and the deformation spectra corresponding to the

component pulses of the velocity function are available, then an improved

estimate of this maxim= value of V mW be obtained in a manner analogous to

that described in Section 2.8.

(e) Along line ef, the acceleration A is proportional to the

mauimu-input acceleration, the ratio of proportionality depending on the

degree of regularity of the input function. If the durations for the Indivi-

dual pulses of the ground acceleration are approximately equal to each other,

then the value of A along this line my be determined from the expression
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n

J-I

where (5o) is the amplitude of the Jth half-cycle, and n is the number of

half-cycles present. If the amplitudes of the individual pulses are of the

same order of magnitude but their durations differ appreciably, then the result

obtained from this equation may be quite conservative. If the deformation

spectra for the component pulses are available, an improved estimate of A0 may

be obtained by the procedure described in Section 2.8.

(f) The frequency corresponding to point f is determined from

Eq. 2.41, where tll a should be interpreted as the average duration of the

acceleration half-cycles contributing over fifty percent of the value of Ao .

The curve fg is similar to the curve de in Fig. 2.23.

(g) The transition curves represented by the dotted line are tangent

to the corresponding straight line segments at points b, i, j and f. Frequently,

the lengths of the straight line segents between b and f are suall, and the

transition curves can be drawn without having to evaluate the location of

points I and J. When this is not the case, the frequency corresponding to

point I may be determined from the following expression, obtained by analogy to

Eq. 2.4ob,

tdf . (2. 48 x)
YaV

and the frequency corresponding to point J, my be determined from the expression

tlvf = o. 6  (2.49)

where tl v is the duration of the velocity half-cycle with the maxian amplitud1p.

Strictly speaking, Eq. 2.40b is applicable only to displaceent pulses with



complete recovery, but, for want of any better information, it may also be

used for pulses with partial recovery. It should be noted that points I and

j, which are analogous to points h and d in Fig. 2.23, should be within the

limits of the lines ed and de, as shown in the figure.

2.11 Deformation Spectra for Undamped Sstems Subjected to Full-Cycle

Dislacement Pulses

For the typical full-cycle displacement pulse shown in Fig. 2.29,

let (yo)1 and (yo)2 denote the numerical values of the first and second

extrem*, and (t 0 )1 and (to)2 denote the corresponding times. In addition,

let td denote the total duration of the function, and t1 and t2 denote the

durations of the first and the second half-cycles.

2.11.1 Low Frequency System. As previously explained, in the

interval 0 < t < td the time history of the deformation for systems with smell

values of tdf-nmy be taken equal and opposite to that of the ground. Accord-

ingly, the first extrem value of the deformation, (Uo) 1 , will occur at

t : (t0 )1 , and will be given by the expression

(u)l = - (y.) 1  (2.50)

The second extrem, (uo) 2 , will occur at t : (to)2 and will be given by

the expression

(u.)2 : (y0)2  (2.5la)

Eq. (2.51a) is valid for very soft system or more precisely, for

values of tdf - 0. For smefhat stiffer systms, a better estimate Of (Uo)2

may be obtained from the expression

(%o) 2 : Ptl (yav)r sin [p(to)2 ] + (yo)2  (2.51b)

where, for values of p(t )2 greater than x/2, the term 81n1P(to)2] should be

taken as one. The quantity (yav)l in this equation denotes the averagp value



of the displacement between t - 0 and t - tl, and the term involving (yav)l

represents the simple impulse theory approximation to the contribution of the

first pulse.

The third extremwu value of the deformation, (u0 )3 , occurs during

free vibration. For a displacement function for which the areas under the

positive-and negative parts are equal, the value of this extremn is given by

the following expression which, by virtue of the similarity of Eqs. 2.3 and

2.4, may be obtained directly from Eq. 2.38b by replacing %T) by py(.r)

td

1(u0 ) 3< p2f y( ) r d.r (2.52)

0

The absolute maxim value of the deformation, U, i3 the numerically

greatest of the values given by Eqs. 2.50, 2.51b and 2.52. When (yo) 2 ? (Yo)l,

the second extremum is numerically greater than the first, and Eq. 2.50 need

not be considered if only the absolute inximum value of the deformation is

required.

2.1.2 Presentation and Discussion of Data. In Fig. 2.30 is given

the deformation spectrum corresponding to a full-cycle displacement function

which is identical in shape to the velocity diagram of the half-cycle displacement

pulse considered in Fig. 2.24. In the extreme left-hand portion of the figure,

the first three extremum values of the deformation are shown separately, along

vith the corresponding results obtained from the approximate equations of the

preceding section. Similar information is presented in Figs. 2.31a through

2.32 for a family of displacement functions composed of a sequence of two half-

sine waves. These functions are identical to the velocity diagrams considered

n Figs. 2.25a through 2.26.

2-46



The following results are worth noting:

(a) For low-frequency systems, the results obtained by the

approximate equations are in reasonable agreement with the exact values.

(b) The magnitude and location of the absolute maximum deformation

U for the spectrum presented in Fig. 2.30 are identical to those of V0 for

the spectrum presented in Fig. 2.24. This result is a consequence of the

analogy expressed by the first two terms in Eq. 2.17. The same is also true of

the coordinates of U in Figs. 2.31a through 3.32 and the coordinates of V0 0

of the corresponding spectra in Figs. 2.25a and 2.26.

.(c) The coordinates of' the absolute maximnn pseudo-velocity, Vo,

for the spectra in Figs. 2.30 through 2.32 are identical to, or approximately

equal to, the coordinates of the absolute maximum pseudo-acceleration, A0 , of

the corresponding spectra in Figs. 2.24 through 2.26. The approximation in

this case arises from the fact that these maxima generally do not occur during

free vibration, and the analogy expressed by the last two terms in Eq. 2.17 is

not strictly applicable.

(d) In contrast to the spectrum in Fig. 2.30 which at high frequencies

approaches a diagonal asymptote, the spectra in Figs. 2.31 and 2.32 approach

a horizontal asymptote. This difference can best be explained by reference to

the acceleration diagrams of the ground motion. In Fig. 2.30 the acceleration

function has finite discontinuities, and the limiting value of the deformation

spectum is A/ ° - 3.0, as might have been predicted by the procedure presented

in Section 2.7.2b. On the other hand, the curves in Figs. 2.31 and 2.32

approach a horizontal asymptote because the velocity diagram of the input motion

is discontinuous, i.e. the acceleration function has infinite discontinuities.

If both the ground velocity and the ground acceleration were continuous, the

limiting value of A would have been equal to the inxxlmm ground acceleration.
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2.f1.3 Desin Rules. On the basis of the information presented, it

Is concluded that the response spectrum for a full-cycle displacement function

may be approximated by the diagram shown in Fig. 2.33. Both the displacement

function and its first two dertvatives are assumed to be continuous.

Along the straight line a', the displacement U is equal to the first

mimum ground displacement. Curve alb is defined by Eq. 2.51b, and point b

is the intersection of this curve and the curve represented by the right hand

ember of Eq. 2.52. Along the straight line cd, the displacement U is equal

to 1.5 times the suam of the absolute values of the maxi4- ground displacements.

Point i, which is equivalent to point 3 in Fig. 2.28, corresponds to a

frequency determined from the expression

t, 0.6 (2.53)

where tl d Is the duration of the displacement pulse with the maxim ampli-

tude. This point should lie to the left of point d. The velocity V along the

horizontal line de my be approxmated by the expression

V a 1.5 lu)j1(2-54~)

J-1

If the deformation spectra corresponding to the component velocity pulses are

available, a more accurate estate of V may be obtained with the aid of the

procedure described in Section 2.8. The reaining features of this spectrum

are similar to those of the spectrum given in Fig. 2.28.

2.12 Relationship of Ccmuted Results to Field Test Data

The approximate rules presented in the preceding section are substan-

tiated by the results of the field tests analyzed in Ref. 1. Included in this

reference ae response spectra for systms with a very small amount of daming

(0.5 percent critical) subjected to the horizontal and vertical caqpoents of
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the ground motions measured in a number of field tests. These spectra are

given in dimensionless plots similar to those used in the present study. The

relative pseudo-velocity V is normalized with respect to the so-called "velocity

Jump" which may be considered to be equal to the maximmi ground velocity, and

the frequency scale is taken as the product of the natural frequency of the

system and the "duration" of the velocity pulse. The latter quantity is taken

as the time from arrival of the velocity Jump to the first zero value of the

ground velocity.

Three classes of spectra are distinguished in Ref. 1 depending on

the direction of the motion and the distance of the point under consideration

from ground zero. These correspond to:

1. Vertical motions in the superseismic region of the blast.

2. Vertical motions in the subseisuic region of the bWAst, and

3. Horizontal motions in general.

From the discussion in Section 2.6 it follows that the spectra in

Item 1 should be compared with those for half-cycle velocity pulses, and the

spectra of Item 2 should be compared with those for half-cycle displacement

pulses or for displacement pulses with partial recovery. Finally, the spectra

in Item 3 should be comqared with those for half-cycle displacement pulses and

possibly for displacement pulses having both positive and negative parts. On

kin these comparisons, one finds that the ag ment between corresponding

spectra Is in general very good.

The Important features of the spectra given in Ref. 1 are as follows.

For vertical motions in the superseisuic region of the blast, the values of

U are consistently smaller than the -xiu ground displacement, and the maxi-

om value of V is about 1.5 tie the uy'mz ground velocity. It Is partii

cularly noteworthy that, in the region of the spectrum where U r V my be
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considered to be constant, the results fall within a very narrow band, vhereas

for the high -frequency regOn of the diagram the "scatter" is considerable.

These trends correspond almost exactly to those of the spectra for half-cycle

velocity pulses presented in Section 2.9, as may readily be appreciated by

referring to Figs. 2.18 or 2.22c. The "scatter" in the high frequency range

emphasizes the difficulties involved in specifying precisely the value of the

maximum ground acceleration. The value of tdf corresponding to the peak value

of the spectra in Ref. 1 ranges between a value of 1 and 3, from which it may

be inferred that the dominant velocity pulse of the ground is highly unsymmetrical.

For vertical motions in the subseismic regions of the blast and for

horizontal motions in general, the maxiznm values of U in Ref. 1 range from

1.5 to slightly more than 2 times the maximum input displacement, the greater

values corresponding to horizontal motions. The maximi values of V lie

between 2 and 2.5 times the maximum ground velocity for motions in the vertical

direction, and between 2 and 2.8 for horizontal motions.

2.13 Deformation Spectra for Damped Systems

In Figs. 2. 3 through 2.43b are given deformation spectra for damped

systems with coefficients of viscous damping between zero and 100 percent

critical for the following classes of ground motion:

(a) A family of skewed versed-sine velocity pulses with rise-

duration ratios cf 1/2, 1/4 and 1/8 (Figs. 2.34 through 2.36)

(b) The following half-cycle displacement pulses: A pulse for

which the acceleration diagram consists of a sequence of three

half-sine waves of the saie amplitude but different durations

(Fig. 2.37), a family of displacement pulses having the shape

of the velocity pulses considered under item (a) (Figs. 2.38

throuh 2.40.), an a half-sine displacement pulse (Fig. 2.41).
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(c) The following full-cycle displacement functions: A displacement

function having the shape of the velocity diagram for the first

motion considered under item (b) (Fig. 2.42), and two functions

composed of a sequence of two half-sine waves each (Figs. 2.43a

and 2.43b).

It can clearly be seen from these figures that the overall effect

of damping Is to reduce the magnitude of the maximum deformations, and to

smooth out the humps and undulations of the spectra. It is also clear that

the extent of the reduction is generally different for the different frequency

regions, and that, within a given range of frequencies, it is different for

the different ground motions.

For the simple pulses considered, the effectiveness of damping in

reducing the magnitude of the maximum deformation can be related to:

(a) the number of oscillations that the system undergoes before

attaining Its maximu deformation, and

(b) the amplitude of the oscillatory component of the response.

The latter component corresponds to the solution of the homogeneous part of

the governing differential equation of motion.

In general, other things being equal, the greater the number of

oscillations or the amplitude of the oscillatory component, the greater is the

reduction achieved with a given mount of damping.

In the lov-frequency region of the spectrum, the effectiveness of

damping is generally small because the maximum value of the deformation is

reached at a smll fraction of the natural period of the system. Since the

maxiu deformation in this region occurs at or near the Instant that the gound

displacement attains its maximum value, it follows that in comparing the spectra

for the different ground motions considered, the comparisons should be made for

fjxed values of trf, vhere tr.d is the rise time to the peak ground displacemint.
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Big. 2.36 shows that, for small values of the frequency parameter,

damping has a greater effect on the mauxmu positive deformations than on the

corresponding negative deformations. This condition arises from the fact that

ui corresponds to the first extrimn, fhereas uva x corresponds to the second.

Similar results are Indicated In Fig. 2.40 for a versed-sine displacement pulse,

but In this case the reduction for usax Is comparatively less pronounced than

In the preceding case. This difference can again be explained In term of the

tiue5 at vhich the respective maxima occur. For the versed-slne velocity pulse

considered in Fig. 2.36, u . occurs approxinately at one-half the natural

period of the syste. after the time of maxImm ground displacement, whereas for

the versed sine displacament pulse considered In Fig. 2. 10, It occurs at one-

quatter the natural period of the system. These values vere noted before In

connection vith undamped systems.

In the high-frequency region of the spectrua, the effect of damping

depends on the Umpltude of the oscillatory component of the motion, and this

amlitde depends, In turn, on vhether the ground acceleration Is a continums

or a discontinuous function. For the Input functions considered in Fig. 2.34

throuSh 2.37, for which the ground acceleration is continuous, the effect of

damping can be seen to be neglllble. In contrast, for the palse cons idered

in Fig. 2.38 thrmugh 2.40, for which the gronwd acceleration is discontinuous,

the maximas reductions achieved are of the order of 50 percent for values of

-S a 1.00. tee reductions for a given namt of daing are eve greater for

the full-cycle displaement pulse considered In Fig. 2.42. For the pulses In

is. 2.38 through 2.40, the absolute maxim value of the deformation correspoods

to the first eztawa value, and it may be apoxiated by the following

expression, vhioh is #1icaeble to a step acceleration fmaetIon of long duraton,
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A t+ eP( f, I-, )] I Y (2.55)

This equation Is valid for values of 0 less than one. Note that Its first

term, which corresponds to the particular solution of the governing differential

equation of motion, is Independent of damping and equals the maximm Input

acceleration. Equation 2.55 is also applicable to the fall-cycle displacement

pulse considered in Fig. 2.42, provided the amount of damping In the system Is

sufficiently large such that the first extriw value of deformation represents

the absolute maximam deformation. The results presented Indicate that this

condition holds true for values of P equal to or greater than about 0.05.

In the high frequency region of Fig. 2.40, It is of interest to note

that, vhereas for undamped and for critically deaed system, ums, and uai n

are numerically equal to each other, for systems with 13 - 0.20, - Ln in

mertically greater than u.. Th1s result can be e3Ialned with reference

to Fig. 2.10* which shoe the Input acceleration together with the response

acceleration for a high frequency undaed system. It can be seen that the

first mazinm positive acceleration (corresponding to U..) occurs at a very

early stage of the otion, whereas the first mauimu negative acceleration

(corresponding to '.) occurs near the middle of the pulse, after the system

has executed several cycles of oscillation. Although for an undamped system

these two maxIm are n merically equal, for a system with dming Ukln governs

because It occurs earlier than u... Fbr a critically dmqd system, the two

masxm are nearly the sme because the oscillatory cmonent of the deformatIon

S negligible In this case, and the remining compent, which Is proportenal

to the inat acceleratim, has the se positive and negative parts.

For the displacemnt pulses considered in Figs. 2.43a and 2.43b, the

maxIma deformation of a high-freqency undped system occurs mtly during
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free vibration, following the second discontinuity in the velocity diagraa.

For a system with a substantial amount ot damping, however. the oscillatory

comonent of the otion induced by the first discontinuity Is generally damped

out by the time the second discontinuity is applied, with the result that the

axiam deformation during free vibration Is no langer than that attained

during forced vibration. Under these circumstances, the maximu deformation of

the system can be approxiated by the following expression that gives the effect

of a sudden velocity change without rebouni. The equation Is valid for values

oflI <1.

M ex UX ta-l O, (2.56)I-FI
The results obtained fron this equation are found to be In good agreement with

the exact results for system with values of t 1 f greater than about 2 and

values of p greater than about 0.10. For smaller values of P, q. 2.56 defines

the lover envelope of the response spectra.

Excepting ground notions for which the acceleration sad/or velocity

diagram are discontinuou, it can be said that the effect of daming Ie

greatest in the mediu-freuency region of the spectrum, both become the

amplitude of the oscillatory component of the response is appreciable in this

case and because the masxzl deformation of the undamped system Is usually

attained near the end of the disturbance, after the system has undergone one

or aore cycles of oscillation. For this region, the greater the periodicity

of the Input notion, the greater is the reduction in the peak value of

deformation achieved with a given mount of damping. Of coursep the response

of the elastic syste inoreases with Increasing periodicity of the Input motiom.



These conditions are illustrated In Figs. 2.44a through 2.44d where

deformation spectra are presented for systems subJected to velocity functions

composed of from one to four parabolic pulses of equal amplitude and duration,

as shown in the inset diagrams. Note that, whereas the peak values of the

undamped spectra increase in almost direct proportion to the number of velocity

pulses in the input motion. the corresponding values of the spectra for high'

damped system remain virtually unchanged. Note, in particular, that the

curves in Figs. 2.4b through 2.44d are almost identical to each other for

values of 1 ? 05. In these cases, the order of the controlling maxzium is

the same, and it corresponds to an early, usually the first or second, maximm.

It should finally be noted that the peak values of U, V and A for elastic

systems are in good agreement with the approximate rules that have been presented.

2.l1 Deformation Spectra for a Combination of Single Pulses

The information in this section Is Intended to Illustrate the

mamer in which the deformation spectra for simple pulses presented in the

preceding sections may be modified by the effect of high frequency oscillations

that may be superimposed on the main pulses. The procedure used to arrive at

this information is approximate. and the results are mainly of qualitative

significance.

Let V1 and V2 denote the values of the pseudo-velocity corresponding

to the primary and the secondary pulse of the ground motion, respectively, and

let V be the corresponding value for the combined pulse. The value of V may

then be determined by a procedure analogous to that presented in Section 2.8,

or more simply by takWng the am of the maximm contributions of the coponent

pulses, i.e.

V <V 1 + V2  (2.57)
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That the value of V determined from this equation may be considerably greater

than the actual value, may be appreciated by noting that Zq. 2.57 is independent

of the relative position of the component pulses.

In Figs. 2.45a and 2.45b are given deformation spectra determined by

application of Eq. 2.57 for a combination of two versed-sine velocity pulses,

as shovn in the inset diagrams. The quantities a, and a2 in these figures

denote the maximum accelerations of the primary and the secondary pulse,

respectively, and v1 and v2 denote the corresponding maximm velocities. The

total duration of the primary pulse is denoted by td, and that of the secondary

pulse by t 2 . In these figures, both the frequency parameter used as abscissa

and the response quantities are normialised with respect to the relevant dimensions

of the primary pulse.

Figure 2.44a illustrates the method of coaputation for a combination

of versed,-since pulses vith t 21 %d = 0.1 and v2 /v1 - 0.5. Mhe ratio of the maxi-

am accelerations a2 /a Is given by the equation

i 7 1 t 2

and corresponds to a value of 5. The dashed line curve on the left show the

spectrum V1 for the primary pulse. The corresponding curve on the right is the

s an V1 but displaced along the frequency axis by the mount td/t3 . The

solid lineo representing the spectrum for the combined pulse, Is obtained by

add4n to the ordinates of the V1 curve the ordinates of the displaced curve

multiplied by the ratio v2 /v 1 -

The spectra in FU. 2.45b are for pulses with different combinations

Of Vt/t and vj'vm as shen in the figure. It can clearly be seen from these
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plots that the secondary pulse has practically no effect on the low-frequency

region of the spectrum. This result might have been anticipated from the

material presented previously, since the maximu displacement of the ground,

which controls the maximum deformation of low-frequency system, it practically

unaffected by the high-amplitude high-frequency acceleration pulses considered

in these examples.

On the other hand, the high-frequency region of the spectrum is

influenced to a very significant degree by the superimposed oscillation., since

the magnitude of the maximum input acceleraton, which controls the response in

this case, is increased significantly. In each case, the limiting value of A

becomes equal to the maximm possible value of the acceleration of the combined

pulse, al + a2

In the intermediate range of frequencies, the spectrum for the primary

pulse is modified in two significant respects: it becomes wider, and a second

peak appears at the frequency corresponding to the peak of the displaced curve.

In addition, the peak value of the spectrum for the main pulse is Increased, but

this cbange is relatively small for the range of parameters considered. From a

consideration of the manner in which the spectrum for the combined pulse is

obtained, it sbould be clear that, other things being equal, the distance between

peaks will increase with decreasing value of t/.d) the level of the second

peek will increase with increasing value of v2 /v, and the increase in the peak

value of the spectrum for the primary pulse will be less significant for highly

peaked spectra than for spectra having a flat top.

The tend referred to in the last statement can be seen in Fig. 2.46

which includes deformtion spectra for a combination of two full-cycle sinusoidal

velocity pulses. Note that, for the same values of the parameters., the percen-

tage 4ncrease in the peak value of the spectrum for the primary pulse is smaller
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in this figure than for the spectrum given in Fig. 2.45b. The one additional

difference between the sets of curves given in the tvo figures In that in

Fig. 2.46 the limiting value of A at high frequencies is 2(ai, + a2 ) instead of

a, + a2 . Thin difference is a consequence of the discontinuities in the input

acceleration function.

If the secondary component of the input function has several pulses

of nearly equal amplitudes but different durations) the spectrum for the combined

notion would exhibit several peaks corresponding to the peaks of the component

spectra.

Finally, the general shape of the curves presented in Figs. 2. 145b and

2.46 emphaize that the middle region of the spectrum for a combination of pulses

cannot be determined on the basis of the maximum values alone of the input

velocity and acceleration functions, but that proper regard should also be given

to the detailed features of these functions. In particular, the results obtained

may be quite conservative if the middle region of the spectrum is approximated

by a horizontal line and a diagonal line of constant value of A, as va recomended

for the case of simple pulses. However, such errors are likely to be Important

only when a2 /a 1 is large and v2/vI is small, that is hen the secondary

acceleration pulses are of very high mplitude and short duration.

2.15 Deformation Spectra for System Subjected to Earthquake Xbtions

2.15.1 General. It Is shorn in this section that the significant

features of the deformation spectra corresponding to ground notions even of the

complexity of those induced by strong motion earthbquakes can be estimated Vith

reasonable accuracy from the information for simple pulses that has been

presented in the preceding sections. To accomplish this, the acceleration,

velocity and displacemnt of the ground wnst be knovn as a function of time.



The left-hand portion of the spectrum may then be estimated from the

characteristics of the displacement function, the middle portion may be

estimated from the characteristics of the velocity function, and the right-hand

portion my be estimated from the characteristics of the acceleration function.

The input motions considered in this study include the nearly north-

south component of the ground motion recorded during the Eureka, California

earthquake of 21 December 1954, and the north-south component of the record

obtained during the El Centro, California earthquake of May 18, 1940. The

time histories of the acceleration, velocity, and displacement for these motions

are shown in Figs. 2.47 and 2.48. The maximum absolute value of an input func-

tion will be identified with the subscript o, and the subscript o,p will be

used for maximum value of the dominant wave in the primary component of that

function. The recorded accelerograms were approximated by a series of straight

line segments, and the velocity and displacement histories were determined by

numerical integration. The base line of the accelerograms was adjusted so that

the resulting velocity diagram oscillated about the zero line, and certain

minor adjustments were made at the beginning of the records to account for

uncertainties regarding the time of initiation of the shock.

2.15.2 Presentation of Data. The deformation spectra corresponding

to these records are given in Figs. 2.49 and 2.51 for systems with coefficients

of damping in the range between zero and 40 percent critical. In .addition,

the tines of occurrence of these maxima, to, are plotted in FIgs. 2.50 and 2.52

as a function of frequency. The data used to prepare these plots are tabulated

in Appendix A along with the maximum values of the quantities it, U, x, i and

x, and their associated times of occurrence.

Each of the curves vas established with 22 data points. For the

11 Centro record, mom additional solutions were obtained for systm with
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p a 0.02, to evaluate the detailed features of the spectra. These results are

presented in Fig. 2.53, in which the solutions used earlier are represented by

open circles and the additional solutions are shown in solid circles. It can

be seen that the data points corresponding to the coarse frequency interval

define with reasonable accuracy the salient features of the actual spectra.

The accuracy should be still better for system having more than 2 percent

critical damping, since the irregularities of the spectra generally decreae

with increasing daping.

There are striking similarities between the spectra presented in

these figures and may of the spectra for sple pulses presented earlier.

Specifically, at lov frequencies, the deformation U approaches the maximum

ground displacement, y0 ; at high frequencies, the acceleration A approaches

the maximu value of the ground acceleration, Yo; at the intermediate fre-

quency rage, the pseudo-velocity is nearly constant; and the maximum values of

U and A occur to the left and to the right of this intermediate nearly flat

region. (The magntudes of these maxima will be considered later.) Furthermre,

as would be expected from the data end the discussion presented earlier for

simple pulse-like inputs with continuous acceleration diagram, the effect of

drping is most pronounced in the intermediate frequency range and Is practically

neglible at very low and at very high frequencies.

The one major difference between the results presented in this

section and those given earlier concerns the reduction in the value of the

maximu response obtained with 2 percent critical daming. Whereas the reduc-

tion achieved is practically negligible Sor the siale pulses, for the earth-

quake notions It Is quite significant, particularly in the region of the spectrum

vhere A attains Its nmeim value. This difference is due to the secondary,

high frequency component of the earthquake motiou, vhich, beemae of Its nearly
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periodic character. produces an almst resonant condition. The effectiveness

of damping under such a condition is known to be great ard to Increase with

increasing duration of the excitation. The resulting reduction In response

would be expected to be particularly pronounced In the case of the El Centro

record uich is of longer duration and for which the high frequency components

have greater amplitudes and occupy a greater portion of the record than for the

Eureka record. This prediction is substantiated by the curves presented in

Fig. 2.50 and 2.52 Vwhch show that, for systes without damping, the maximm

deformation occurs near the end of the record. while for systems with as little

as 2 percent critical damping it occurs at a much earlier time. Flor example,

for the El Centro record, the values of A and the associated times of occurrence

for systems with f 20 cps are as follows:

t A
sec. Y

0 24.5 2.73
0.02 9.6 1.29
0.05 9.6 1.11
0.1 2.1 1.03
0.2 2.1 1.03
o.4 2.1 1.02

Because of this difference In the response of completely undaped

system to the tvo form of excitation, and in view of the fact that all physical

system have som aunt of damping, the eartquaka spectra for A a 0.02 will

be used as a basis of comparimon and, unless othewli noted, they will be con-

sidered to be comparable to the undmed spectra for simple pulses.

In the computation of the effects of the earthquake mtions, if only

the portion of the record betwan the origin and tim to had been considered,

the computed value of the maLmm response would obviously have been te .sin.
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It is important to note that, even for system having as little as 2 percent

critical damping, the portion of the record which controls the axima deformstion

is a small fraction of the total duration of the record.

2.15.3 Relationship Between Characteristics of Input Notions and

Response Spectra. For the ground record corresponding to the Eureka quake, it

can be clearly seen from Fig. 2.47 that the most significant portion of the

motion extends from about 2.5 to 7 seconds, and this portion may be expected to

control the response of systems with damping. That this is indeed the case can

be seen from Fig. 2.50 which shove thali, wLthminor exceptions, the maximum

deformation of system with as little as 2 percent critical damping generally

occurs at less than 7 seconds.

The dominant portions of the velocity and displacement diagrams for

the Eureka shock are reproduced in Fig. 2.54& in solid lines. Superimposed on

these as dashed line curves are what are considered to be the primary components

of the otions.

In the displacement trace, the dominant yave is a skewed half-sine

pulse with an amplitude, y0 ,p slightly less than the maximum ground displacement,

yOj and a duration of about 3.3 seconds, as shown In the figure. On the basis

of thins information, the left-hand region of the spectrum would be expected to

be similar to the corresponding regions of the spectra shown in Fig. 2.26, with

the value of U being equal to the maxima ground displacement for frequencies

determined from the equation

tdf <1 o (see Eq. 2.46)

and with the frequency corresponding to the axim value of U detemined from

Eq. 2. 8:. These frequencie ae
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f < 3-3 0.076 cps

and

f (.4) - 0.19 cps

respectively, and agree well with the actual data given in Fig. 2.49.

For 1 - 0.02, the absolute value of U is U0 - 1.32 y0 which considering

that Yo.p - 0.9 yoP becomes

o = 15 YOOP

This value coincides with the value catained from the design spectrum presented

in Fig. 2.28.

The primary component of the velocity trace is a full-cycle pulse

with an amplitude of about 0.7 Yo and an average duration of about 1.8 secs.

for each half-cycle. The total duration of the three major pulses in the

superimposed secondary component is about 1.8 secs.., as shown In the figure.

The middle region of the spectrum would therefore be expected to exhibit two

major peaks. The one corresponding to the primary pulse would be expected

approximately at a frequency determined from Eq. 2.49, or at

f = 0.6/1.8 - 0.33 cps,

and the second peak would be expected at a frequency

f 0.6 /0.6 - 1 cps

These results are also in good agreement with the data given in Fig. 2.49,

where it is worth noting that the absolute maximum value of V for i - 0.02

occurs at 0.08 cps, and not at the frequency for which the curve for pS 0

attains its maximm value.
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The magnitude of the maximum amplification factor for V in the middle

region of the spectrum is somewhat smaller than the value of 3 which one might

be temped to assume on the basis of the full-cycle velocity pulse that dominates

the ground motion. This apparent discrepancy is due to the fact that V has

been normalized with respect to 7o instead of the maximum value of the primary

component of the velocity. ko$P = 0.7 70"

Because of the nearly erratic character of the ground acceleration

diagram, the magnitude of the maximum value of A cannot be estimated reliably.

Nowever, the significant features of the high-frequency portion of the spectrum,

including the location of the maximum value of A, can still be related to the

dominant features of the input acceleration.

For example, considering that the average duration of the most intense

pulses in the acceleration trace of the motion is of the order of 0.3 secs.,

the peak value of A would be estimated to occur at a frequency

f = 0.6/0.3 - 2 cps.

Furthermore, since the rise time for the pulse corresponding to the maxyiu

input acceleration is less than one-half its duration. the frequency beyond

vhich A may be considered to be equal to the iailw ground acceleration is

estimated from Eq. 2.30 to be greater than

f T 1.25/0.15 - 8.3 cpa

These results are again in good agreement with the actual dat for systems

with 1 a 0.02.

Referring nov to the El Centro earthquake records given in Fig. 2.18,

one observes that the most intense waves which can be expected to control the

response are concentrated in the first 6 seconds of the acceleration and

velocity records, and in the first 10 seconds of the displacement record. Mw
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primary components of the waves in the early portions of the velocity and

displacement records are shown in dashed lines in Fig. 2.54b.

The dominant displacement wave is approximately a half-sine pulse

with an amplitude nearly equal to the maximum ground displacement and an

effective duration of about 6.1 seconds. Superimposed on this, there is a

secondary full-cycle wave of smaller amplitude and duration of about 2.2 sec..,

as shown in the diagram.

Considering only the contribution of the primary wave, the value of

U would be expected to be equal to the maximum ground displacement for a range

of frequencies determined from Eq. 2.46, i.e;,

f <' = 0.04 cps

and the maxinm value of U would be expected to occur (see Eq. 2.48x) at

f:;1 (0.14).! - 0.10 cpa

In addition, a second maximum, corresponding to the effect of the superimposed

full-cycle wave and of the wave preceding the primary pulse would be expected

roughly at the average frequency of these waves, or at

f T 1/2.65 - 0.38 cps

Excepting the fact that the computed value of U at f - 0.04 cps is 33 percent

greater than the estimated value of y0 these results are in excellent agreement

with those given in Fig. 2-.53.

Of the two peak values of U, the one corresponding to the lover

frequency has a m tude of 2.06 yop as shown in Fig. 2.53. The difference

between this value and the value of 1.7 yo reported earlier for a half-sine

displacement pulse is due mainly to the neglected effects of the secondary wave

and of the wave preceding the major pulse, both of which tend to increase the
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response. The fact that the maximum deformation occurs near the end of the

record suggests further than the contribution of the waves following the main

pulse is not entirely negligible. although it is expected to be quite small.

The maximum possible contribution of the wave preceding the main pulse may be

considered to be approximately equal to the amplitude of the residual oscillation

induced by a full-cycle sinusoidal wave with a duration of 3.1 sec. and an

amplitude of 3 inches. For a system with a natural frequency f - 0.10 cps,

this amplitude is determined from Eq. 2.52 as 1.8 in., or 0.22 Yo,

The most significant part of the primary component of the ground

velocity is shown approximately by the dashed line in the upper diagram of

Fig. 2.54b, It consists of a sequence of five half-cycle waves the amplitudes

and durations of which are as indicated. The amplitudes of the major waves in

the nearly periodic, secondary component are from about 0.5 to 1.0 times the

peak amplitude of the primary components and their average period is about 0.7

seconds.

The middle region of the deformation spectrum would, therefore, be

expected to have the general appearance of the dashed-dotted line curve shown

in Fig. 2.46 with the exception that the two peaks of this curve should be

closer to each other. The peak associated with the primary waves would be

expected to occur at a frequency determined from Eq. 2.49, with the quantity

tla taken as the duration of the third wave which, because of its shape and

amplitude, is believed to be the dominant one. This frequency is

f : 0.6/1.5 - 0.4 cpa . (2.58)

Because of the nearly periodic character of the waves in the secondary component

of the velocity diagram the second peak would be expected at a frequency close

to the average frequency of these waves. or at

f : 1/0.7 - 1.4 cps
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These results are in good agreement with the exact values shown in Fig. 2.53.

The magnitude of the first peak value of V would be estimated from

the expression

V : 1.5(25.1) + 0.7 (lO.6) = 45 in/sec. (2.59)

where the first term on the right-hand member gives the contribution of the

first four waves in accordance with Eq. 2.54, and the second term represents

a liberal estimate of the contribution of the fifth wave. The amplification

factor of 1.5 is not appropriate for the latter wave, because its duration is

only 0.6/1.5 times that of the most dominant pulse. The factor 0.7 was determined

from the spectrum for a versed-sine velocity pulse given in Fig. 2.17a by taking

the ordinate of the curve at a value of tdf = 0.6(0.4) = 0.24, where 0.4 cps

represents the frequency determined in Eq. 2.58.

The value of V given in Eq. 2.59 may be expected to represent an

upper bound to the effect of the primary velocity component for system with

- 0.02. Because of the nearly periodic nature of the input velocity function,

the possible reduction due to 2 percent critical damping, although small, is

not entirely negligible in this case. On the other hand, this reduction will

be partially compensated by the increase due to the effect of the secondary

wave. Accordingly, the estimated value should be directly comparable to the

first maximum value of V in Fig. 2.53, which is

V - 3.30(13.7) - 45.2 i/ec.

Referring now to the ground acceleration diagram presented in

Fig. 2.48 it is noted that the most intense pulses are concentrated in the

region between two and three seconds and that there are four half-cycle pulses

of nearly equal amplitude and an average duration of about 0.15 sec. each.

This information suggests that the peak value of A would be controlled by this

portion of the diagram and that it will occur approximately at a frequency
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of about 0.6/0.15 - 4 seconds. Furthermore, the presence of several high

intensity acceleration pulses of both shorter and greater durations suggests

that the value of A vould be close to its maximum value for a fairly vide range

-of natural frequencies. These trends are substantiated by the actual data

presented in Figs. 2.51 and 2.53. That the response of a system having a natural

frequency of the order of 4 cps Is indeed controlled by the high intensity

portion of the ground acceleration diagram can clearly be seen from the dashed

line curve in Fig. 2.53, vhich shov that the majority of the data points in

the frequency range between 2 and 5 seconds correspond to a value of to 2 2.7

seconds.

Concerning the magnitude of the peak value of A, it can only be noted

that the computed value for an undamped system is about 9.3 "Yo, for a system

vith - 0.02 It is 4.3 Y o. and for a system with 1 - 0.40 it is almost equal

to 0 " It is particularly notevorthy that the entire right-hand portion of the

spectrum for P - 0.40 is represented almost exactly by. the diagonal line

A - 70. This is also true of the corresponding spectrum for the Eureka quake

presented In Fig. 2.49.

Finally, noting that the shortest rise time for the four most intense

pulses in the acceleration dLagrm of the ground is of the order of 0.05 seconds,

it is concluded that, for damped systems, the response acceleration A should

be of the order of 3o for values of f greater than 20 cps. The fact that the

value of A for f - 10 cps and A - 0.02 is almost tvice as great as the maximm

ground acceleration should not be surprising, therefore.

It should perhaps be emphasiszed that vhat has been referred to as

"predicted" or "estimated" data vas arrived at after the response spectra vere

evaluated. Bovever, the degree of agreement achieved and the straight-

forvardness of the procedure used to arrive at these resUlts illustrate clearly
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the intimate relationship that exists between the response spectra for simple

pulses and those for complex earthquake motions) and should leave but little

doubt about the possibility of determining these spectra with reasonable

accuracy from the gross characteristics ct the acceleration, velocity and

displacement records of the motion.

In Figs. 2.55 and 2.56 are given response spectra for the maximum

positive and the maximum negative deformations of systems with 1 - 0.02 and

= 0.40 for the two earthquake motions considered. In general, the two sets

of curves are in good agreement between each other. The agreement is better in

the case of the El Centro motion because the positive atid negative parts of

the acceleration and velocity records of this motion are more nbarly balanced

about the zero line than are those of the records for the Eureka earthquake.

2.16 Bpectra for Other Response quantities

2.16.1 Spectra for Relative Velocity. For the class of ground motions

considered in this study it has been shown in Section 2.4 that the relative

velocity A due to an input velocity function j 2 (t) Is the sm as the deformation

u produced by a displacement function y1 (t) of the samie shape. Each response

quantity is considered to be normalized ith respect to the meximum value of

the corresponding input function.

It is desirable to plot the spectral values of f on a four-vay

logarithmic plot similar to that used earlier, with the vertical and the

diogonal scales representing the quantities ph o, 0/j and p as shown

in part (b) of Fig. 2.57. The resulting spectrum for a prescribed velocity

function will then be identical to the deformation spectrum corresponding to a

dislacemnt function of the sam shape. The spectra for U can, therefore, be

constructed approximately by application of the design rules presented earlier.
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In particular, the 0 spectrum for a half-cycle acceleration pulse may be

approximated by the diagram given in Fig. 2.23, and the corresponding spectra

for a half-cycle velocity pulse and a half-cycle displacement pulse (i.e. full

cycle velocity pulse) may be approximated by the diagrams given in Figs. 2.28

and 2.33, respectively.

In Figs. 2. 58&and&12.58b the relative velocity spectra for the

earthquake records are plotted in the form described above for systems iith

coefficients of damping between zero and 40 percent critical. The right-hand

diagonal scale is not shown because the values of 3o for the input motions, are
0

not known. The spectra in Figs. 2.58a and 2.58b can also be interpreted as the

deformation spectra for ground motions the velocity diagrams of which have the

same shape as the acceleration diagrams of the Eureka and the El Centro earth-

quakes, respectively. It is of interest to note in passing that the effect of

damping in the high-frequency regions of these spectra is considerably more

pronounced than for the corresponding deformation spectra given in Figs. 2.49

and Fig. 2.51. This difference is due to the discontinuous nature of the "7"

diagrams and might have been anticipated from the data given earlier.

2.16.2 Comparison of Pseudo-Velocity and True Relative Velocity.

In the field of earthquake engineering, the relative velocity U has sometimes

used in lieu of the pseudo-velocity V. The degree of approximation involved in

replacing one quantity by the other has been investigated recently by Hudson

(Ref. 9) for three earthquake motions. The minimum value of natural frequency

considered in this study was about 0.27 cps, and the maximum value ranged from

about 5 cps to 12 cps for the three records. In general, the values of V and

were found to be in close agreement between each other, but in some cases the

differences were of the order of 40 percent for systemm with p - 0.2D.
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This problem was also investigated In the present study considering

a wider range of natural frequencies than that used before. Both pulse-like

excitations and earthquake motions were considered. Fig. 2.59 shows the results

obtained for an undamped system subjectedf a skewed versed-sine velocity pulse

with tl/td = 1/4. For values of tdf between 0.3 and 0.9 the two quantities 
are

identical because they both attain their maximum values during free vibration

when the system executes a simple harmonic motion and, consequently, U - pU - V.

In the low frequency region of the spectrum V is smaller than 0. As tdf -- 0,

the deformation U-- y0 the relative velocity U-.o, but the pseudo-velocity

V - pU -0 by virtue of the fact that p - 0. In the high frequency region of

the spectrum, V is greater than 0, the difference between the two quantities

increasing with increasing frequency.

Similar plots are given in Figs. 2.60 for systems with 2 percent

critical damping subjected to the Eureka and El Centro earthquake motions.

The striking similarities between these plots and those presented in Fig. 2.59

are further evidence of the intimate relationship that exists between the

spectra for pulse-like excitations and earthquake motions. The agreement

between the two quantities at high frequencies is better for the El Centro

motion because the dominant waves for this motion are of shorter duration, tl,

than for the Eureka record, with the result that the frequency parameter tlf

is comparatively closer to the region where U and V may be considered to be the

Sam .

The effect of damping on the relationship between V and U is

illustrated in Figs. 2.61a and 2.61b which should be self-explanatory.

2.16.3 Spectra for Absolute Acceleration. The absolute acceleration

for a system without damping is equal to the pseudo-acceleration A. Accordingly,

it may be Uetermined directly from the right-hand diagonal scale 6f the

deformation spectrum.
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As a measure of the error involved in taking X a A when 0 / O, in

Fig. 2.62a the response spectra for these two quantities are compared for

systems with P - 0.20 and P - 1.00, and in Fig. 2.62b the ratio A/X is plotted

as a function of frequency for different values of damping. The ground motion

in this comparison is a versed-sine velocity pulse. In Fig. 2.63 are given

similar results for systems subjected to the ground motions of the Eureka and

the El Centro earthquakes. As before, the salient features of the curves for

the simple pulses and the earthquake motions are the same. Even for large

amounts of damping, the quantities X and A are very nearly the same at high

frequencies. However, in the low frequency region, the differences between

the tvo quantities are appreciable for large values of P.

2.16.4 Spectra for Absolute Velocity and Absolute Displacement. It

is convenient to plot the spectra for these quantities on the four-way

logarithmic grid used previously, with the diagonal and vertical scales normalized

as shown in parts (c) and (d) of Fig. 2.57. In this figure the quantities

[fy( )drJ and [J'( y()dr)dtj represent, respectively, the maximum values

of the first and the second integrals of the ground displacement function.

By %irtue of Eq. 2.11, the spectrum of X corresponding to a ground

velocity function can also be interpreted as the acceleration spectrum for an

input acceleration having the shape of the prescribed velocity function.

Similarly, the spectrum of X for a given displacement function can be interpreted

as that of X due to an input acceleration of the shape of the prescribed

displacement function. Recalling now that, for lightly damped system, X may

be replaced by the pseudo-acceleration Ap it is concluded that the velocity

spectrum X for a prescribed velocity disturbance may be considered to be the

same as the deformation spectrum for an acceleration disturbance of the same

shape. A similar statement ca also be made for the displacement spectrum X.
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The deformation spectra can, of course, be approximated by application of the

appropriate design rules presented in this report. It must be emphasized that

this approach is valid only for lightly damped systems.

As an illustration, in Fig. 2.64 are given velocity spectra, plotted

in the form described above, for systems subjected to the full-cycle velocity

pulse considered previously in Fig. 2.37. As would be expected from the

preceding discussion, the spectrum for 0 = 0 is similar to the deformation

spectrum corresponding to a full-cycle acceleration pulse (half-cycle

displacement pulse), such as that considered in Fig. 2.34. It is important to

note that the trends of corresponding curves in Figs. 2.34 and 2.64, while

similar to each other for medium-frequency and high-frequency systems, differ

significantly for low-frequency systems with values of 1 on the otder of 0.2

or more. These differences are analogous to those between the quantities A

and X considered in Figs. 2.62.

In Figs. 2.65a and 2.65b are given similar spectra for the Eureka

and El Centro Earthquake records. For values of 1 less than about 0.10, these

spectra can also be interpreted as deformation spectra for ground motions the

acceleration diagrams of which have the shapes of the velocity diagrams of

the earthquake motions considered.
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SECTION 3

RESPONSE OF INELASTIC SYST7S

3.1 General

This chapter is concerned with the response of inelastic systems

having a single degree of freedom. Primary attention is given to elastoplastic

systems and, in an exploratory way, to bilinear systems of the softentng type.

Only the maximum deformations of the systems are investigated.

Figure 3.1a shows the resistance-deformation relationship for a

bilinear system. The symbols k, and k2 denote the slopes of the first and

second portions of the diagram as indicated. For a bilinear system of the

softening type, k2 < k, and for an elastoplastic system, k2 - 0. The yield

levels in the two directions of deformation are considered to be the same, and

unloading from a point of maximum deformation is assumed to take place along a

line parallel to the initial elastic portion of the curve. A typical cycle of

loading, unloading and reloading is shown in the figure. The yield point

deformation is denoted by uy, and the absolute maximum do-formation, without

regards to sign, is denoted by u.m In an analogous manner, the yield point

resistance is designated by QY, and the maxim-m spring force by Qm. For an

elastoplastic system, the force Qm.is, of course, equal to q for deformations

in excess of the yield point deformation.

The ground motions considered include five pulse-like excitations and

the two earthquake records used in the study of elpstic systems. In addition,

the effects of certain limiting forms of excitation are studied. The

acceleration, velocity and displacement diagrams for the simple pulses are

shown in Fig. 3.2. The acceleration diagrams consist of straight line segments

and, except for one pulse, they are discontinuous at the beginning and the end
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of the diagram. The velocity diagrams have from one to four parabolic half-

cycles of oscillation. The initial values of the velocity and displacement

diagrams are zero in all cases.

3.2 Definitions and Fundamental Relations

It is convenient and instructive to relate the maximum response of

the inelastic system to that of an elastic system having the same stiffness as

the initial stiffness of the inelastic system. Let u be the absolute* value

of the maximum deformation of the associated elastic system, and Qo be the

corresponding spring force, as shown in Fig. 3.1b. The yield resistance of the

inelastic system, Qy, may then be expressed as a fraction of the resistance Q0

required for elastic behavior. The ra+io /Qo which is also equal to U/u 0 ,

will be referred to as the reduction factor and will be denoted by the symbol c.

That is,
Q u

c U - - (Uo1)
Q 0 u0

For an elastic system, the quantities and u y may be considered to be equal

to Qo and u0 , respectively. Accordingly, the reduction factor is equal to

unity in this case. For a system that deforms in the inelastic range, c is

evidently smaller than unity.

The reciprocal of the reduction factor, 1/c, expresses the intensity

of the ground motion in terms of that which the system can withstand elastically,

and will be referred to as the overload factor.

The maximum deformation of the inelastic system, u , can conveniently

be expressed in terms of its yield point deformation, u y. The dimensionless

ratio u
- (3.2)

wThis notation is not consistent with that used in Section 2, where the subscript

o referred to the maxiln value of the quantity taken with its appropriate sign.
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vil be referred to as the ductility factor. With this notation, the

Inelastic deformation of the system is (P - 1)uy

With the values of c and p known, the ratios u /u O and VQo can be

determined from the following equations

U- P c (3.3)
U0

and

+ 1)] c(34

Equation 3.3 follows directly from Eqs. 3.1 and 3.2, whereas Eq. 3.4 can

readily be derived by reference to Fig. 3.lb.

For a system without damping, the spring force is proportional to

the acceleration of the mass, and consequently

- . (3.5)
0 1

The symbols x and 1 denote the absolute maxim accelerations of the inelastic
a 0

and the elastic system, respectively.

3.3 Response to Limiting Forms of Ground Excitation

With a view of establishing certain guide lines for the interpretation

of the results to be presented later, we consider first the relationships

between the maxima deformation of the elstoplastic system and the associated

elastic system for certain limiting forms of ground excitation. These include

(a) an instantaneous displacement change,

(b) an instantaneous velocity change, and

(a) an instantaneous acceleration change.

The system is presumed to be undauped and Initially at rest.



3.3.1 Instantaneous Displacement Change. For a system subjected to

an instantaneous displacement change, -y 0 , the "initial" value of the resulting

deformation will be y, irrespective of whether the system behaves elastically

or deforms in the plastic range. Furthermore, since there is no additional

energy imparted to the system after the displacement change has taken place,

the extremum values of deformation for the ensuing motion will be numerically

equal to or less than Yo, and the initial deformation will be the absolute

maximum deformation. In other words,

U3  U0  W y0

and the reduction factor for the inelastic system determined from Eq. 3-3., is

C (3.6)

Note that this expression is independent of the ratio k2 /kl.

As an illustration, Fig. 3.1c shows the resistance-deformation

diagram of an elastoplastic system with Uy < y0 . The abSdissas of points b

and c define, respectively, the deformations of the inelastic and the associated

elastic systems imediately after the initial displacement change. The

extream values of deformation for the ensuing motion will correspond to points

c and c' of this figure for the elastic system, and to points b and b' for the

elastoplastic system.

Although the initial deformations for the inelastic and elastic

systems are the same under the conditions assumed, the energies imparted to

these two system are different. The energy imparted to an elastic system is

E

E 2 00 (3-76)
o , i QOUo (.)

and that Imparted to an inelastic system is given by the equation

3 y m 2
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The latter equation can also be written in the form

Utilizing the fact that vhen n. -o, q/qO u/n. 1/p, ,. da. the

following eupression for the ratio of the two enrgies.

(2v -1) + ! (4 _ 1)2
13 (3.8)

0.

It my be noted in passing that for an elastoplastic system vith s - 5 the

ratio - O. =0-6.

3.3.2 Instantaneous Velocity Chae. The energy Imparted to a

systeM by an instantaneous velocity change, vo, is 8 ,, irrespective of

vhether the system remins elastic or not. Consequently, the energies absorbed

by an elastic and an nelastic system up to the point of their respective

maximim deformation vill, also be the same. This equality is expressed by the

equation

I3k 2 1 2 (p-1 P_12

vhence

- y2(2a - 1) + & (M _ 1)2]

and the reduction factor becomes

c - 1 (3.O)

(2m - 1) + k2 (,A -1)2

Consider now an elastic and an inelastic system subjected to a

prescribed motion of arbitrary shape, but asse that the conditions are such

that (a) the absolute maximm deformations of both systems occur during free

vibration and (b) no yielding occurs during forced vibration.
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By virtue of the second restriction, the energy of the two systems

at the beginning of free vibration ill be the same, and, from the material

just presented, it follows that the maxim= deformations of these systems vill

also be governed by Eq. 3.9, vith the reduction factor c given by Eq. 3.10.

3.3.3 Instantaneous Acceleration Change. The effect of a ground

acceleration, Y(t), can most conveniently be analyzed by considering the

equivalent problem of a force -m(t) applied to a fixed-base structure.

For an acceleration step of infinite duration, YO, the work performed

by the external force up to the point of maximum deformation is [-m ; U 1, and

the energy absorbed by the structure is given by the right-hand member of

Eq. 3.9. By equating these two quantities, one obtains

2Pu 2p (3. f-a)k

YO (2g- 1)+ 2 2

where p - r . For an elastic syste,, - % and IA 1, and Eq. 3.fla

reduces to

0
P-uO .2(.1)

The reduction factor c Is obtained as the ratio of Eqs. 3.11A and

3.11b, yielding

Cm (3.12)

(2p - 1) + 2 1) 2

In this case, it is instructive to consider also the ratio of the

maximm forces developed in the Inelastic And the associated elastic systm.

Fr m .qs. 3.1 a 3.22, one obtains
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1 + r " ( " i

Qo (2p - 1), + X2 , 1)2
ki
k1

Tis ratio is evaluated in the following table for several values of k2/kI and I.

Values of QM/Qo as Given by Eq. 3.13

k2/kI - 0 k/k, - 0.1 k2/k1 - 0.2 k2 /k - 0.5 k2/k1 - 1.0

1 1.0 1.0 1.0 1.0 1.0

2 0.67 0.71 0.75 0.94 1.0

5 0.56 0.66 0.74 0.88 1.0
10 0.53 0.70 0.8o 0.92 1.0

d 0.50 1.0 1.0 1.0 1.0

It can be seen that the possible range of variation of i/qo Is from 1.0 to

0.5.

3.3.4 Discussion. The results presented in the preceding para-

graphs can be summarized as follows:

(a) For a system subjected to an instantaneous displacement change,

the mauimum deformations of the elastic and inelastic systems are the same.

(b) For a system subjected to an instantaneous velocity change, the

energy absorbed by the system up to the point of maximm deformation for the

elastic case is the same as that for the inelastic case, and the reduction

factor is given by Eq. 3.10. This relationship is also valid for an arbitrary

ground motion, provided the elastic and the inelastic systems both reach their

absolute maxim= deformation during free vibration, and the inelastic system

behaves elastically during forced vibration. The latter condition requires

that the yield level of the system be equal to or greater than the m m

deformation attained by the elastic system during forced vibration.
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(c) For a system subjected to an instantaneous acceleration change,

the maximum spring force for the inelastic system can be no less than 50 percent

of that for the associated elastic system, the actual magnitude of the reduction

being a function of the ratio k/kc and of the amount of inelastic deformation

that can be tolerated (See Eq. 3.13).

It would be expected that the first relationship involving con-

servation of maximum deformations would also be applicable to systems subjected

to ground displacements for which the rise time is small in comparison to the

natural period of the system. The second relationship, involving conservation

of energies, would be expected to apply also to quarter-cycle velocity pulses

for vhicb the rise time is small in caoarison to the natural period of the

system (i.e., half-cycle acceleration pulses of short duration), and, possibly,

to half-cycle velocity pulses of short rise time and sufficiently long decay

time such that, at the time of the first maxium deformation, the value of

the ground velocity is close to its maximum value. Finally, the third relation-

ship vould also be expected to be valid for acceleration pulses with a sharp

rise and long duration in comparison to the natural period of the system.

In the following table are listed the values of the reduction 
factor,

c, and of the ratio u3 /u0 corresponding to different values of the 
ductility

ratio for the three limiting forms of excitation investigated. The systems

considered are of the elastoplastic type, i.e. k2 /k, - 0.

Reduction Factor, c - o Values of u /u a PC

Displac. Velocity Acceler. Displac. Velocity Acceler.

Change, Change, Change, Change Change Change

Eq. 3.6 Eq. 3.10 Sq. 3.12

1 1.00 1.00 1.00 1.00 1.00 1.00

1.25 0.80 0.82 o.83 1.00 1.02 1.0

1.5 0.67 0.71 0.75 1.00 1.96 1.12

2 0.50 0.58 o.67 1.00 1.16 1.33

3 0.33 0.4e5 o.6o 1.00 1.34 1.80

5 0.20 0.33 0.56 1.00 1.67 2.78

10 0.10 0.23 0.53 1.00 2.29 5.26
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It can be seen from this table that even a relatively small amount of inelastic

deformation, as represented by a value of W on the order of 1.5, produces a

significant reduction in the value of the required yield resistance and a

relatively small increase in the value of the maximum deformation. Considering

that for values of 1 less than 2 the values of the reduction factor and of the

ratio um/u ° for the three forms of excitation differ by less than 33 percent,

it is concluded that the form of excitation is not a very significant parameter

as long as the magnitude of inelastic deformation involved is small. However,

for the greater values of 0, the differences between the three sets of results

are quite important, especially when the effects of a displacement change and

an acceleration change are compared. The results for a velocity change are

intermediate between those for a displacement change and an acceleration change.

3.4 Relations Between Response of Elastic and Inelastic Systems

In Fig. 3.3 the response spectrum for the absolute maximum deformation

u of elastoplastic systems with c - 0.25 is compared with the spectrum for the

corresponding deformation u0 of the associated elastic systems. The inelastic

spectrum is applicable to systems for which the yield level is one fourth of

that required for elastic behavior, or alternatively, to ground motions that are

four times as intense as those which the systems can withstand elastically. The

ground motion is the parabolic velocity pulse considered earlier in Figs. 2.19

and 2.20. The systems are considered to have no damping and to be initially at

rest. The natural frequency of the inelastic system is determined from the slope

of the initial elastic portion of the resistance-deformation diagram.

It can be seen from this figure that the same percentage reduction in

the yield level of the system (or equivalently, the same overload) has quite

different effects on systems with different natural frequencies. For flexible

systems, ua and u0 are equal; for high-frequency systems, u m is significantly

greater than uo; and for medium-frequency system, u is smaller than
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Figures 3.4 show the effect of progressively reducing the yield

level of the elastoplastic system. The reduction factor, c, is plotted as a

function of the ductility ratio, 1.', for fixed values of the frequency parameter.

It is noted that for values of t df < 0.2, the reduction factor is

represented a'mst exactly by the expression 1/m (Eq. 3.6); in other words, the

max mum deformations of the inelastic and elastic systems are the same,

irrespective of the yield level involved.

For values of tdf > 1, the reduction factors are generally greater

than those obtained by the relation i/p; furthermore, they are quite sensitive

to variations in the value of td f, as can readily be seen from Fig. 3.4b. As

tdf approaches infinity, the input function approaches an acceleration step of

long duration and, as would be expected from the discussion in Section 3.3,

the results approach the relation c - p/(2p - 1), which is a specialized form

of Eq. 3.12.

For the particular case investigated, the expression c - 1g2M -l,

which defines the effect of an instantaneous velocity change, may be considered

to be valid for a value of tdf of about 1.25. It can be shown that for this

value of tdf, the ratio V/ 0 for the associated elastic system is slightly

smaller than unity.

Figure 3.4c, which refers to a value of tdf - 0.5, is typical of the

results obtained for medium-frequency systems. In this case, the absolute

maximum deformation of the elastic system, u0 , occurs during free vibration

and corresponds to the second extream value, while the first extremm occurs

during forced vibration and is equal to 0.57 uo . The curve abc in this figure

refers to the first extremm, and the curve de refers to the second. For

values of 0.57u0 < Uy < U0 , yielding initiates after termination of the pulse,

and, as would be anticipated from the material presented in Section 3.3.2, the

equation of line ab is c - 1/2, - 1.
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We digress now from the discussion of Fig. 3.4c and refer to

Fig. 3-.5 to define the conditions under which the expression c - lg1 - 1 is

applicable. The dashed curve in this figure gives the maximum deformation of

an elastic system during forced vibration, and the solid curve, discontinued

in the regions where it lies below the dashed curve, gives the corresponding

deformation during free vibration. It follows that the equation c - 1142,.a -1

is valid in the regions of the spectrum where the absolute maximum deforamation

occurs during free vibration, provided the yield level of the system u Isy

greater than the value of deformation obtained from the dashed curve. For

examle, for tdf - 0.68, where the difference between the ordinates of the two

curves Is greatest, the expression 1/4-2-p- 1 vill be valid for values of

U0u0 173

From the table given on p. 34.it -be seen that these values of uY/u correspond

to values of & < 2.5.

Returning now to Fig. 3.4c, we observe that as uy is decreased below

0.57 uo, yielding initiates during forced Vibration, and the expression

c - 1l2, - 1 is no longer applicable. In fact, the magnitude of the vecond

extreum decreases sharpy, as can be seen from the break of the curve abc at

point b. However, for values of Uy between those corresponding to points d and

f, the absolute maxima deformation still corresponds to the second extrema.

Finally, as u approaches its limiting value of zero, the value of the maximy

deformation us wi awproach the mim displacement of the ground, Yo"

It should be noted that there can be more than one yield level

corresponding to a given value of p. Fig. 3-.c shows three yield levels

corresponding to a value of p - 2. Although all three of these solutions are

distinct and "stable", from a design standpoint It is desirable to consider
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only the one corresponding to the highest yield level. This mounts to

replacing the portion of bc which curves to the left by the vertical line shown

dotted.

Figures 3.6a and 3.6b show the relationship between the reduction

factor and the ductility factor for elastoplastic systems subjected to parabolic

velocity pulses with one and two cycles of oscillation, as shown in the inset

diagrams. In each case, the frequency parameter tlf - 0.50.

For the conditions considered in Fig. 3. 6 a, the maxim deformation

of the elastic system, uo0, corresponds to the third extremuw, and, as a

consequence, the resulting plot consists of three branches with two transition

curves. As an illustration of the significance of the various branches, we

note that, for values of 0.056 u < u < 0.28 uo, yielding initiates at the

instant that the associated elastic system attains its first extremm, but

that the absolute maximn deformation is obtained at the second extremm instead

of at the first. Under the conditions considered in Fig. 3.6b, the peak

defermation uo corresponds to the fifth extremm, and, consequently, the graph

consists of five branches with four transition curves.

It must be emphasized that the discontinuities in the plots presented

in Figs. 3.4c and 3.6 for medium-frequency systems do not, In general, occur

for systems with low and high frequencies, because the order of the controlling

max =n :in the latter cases is usually the saw for the elastic and the

inelastic systems.

In Figs. 3.7a through 3.8c is presented Information on the response

of elastoplastic systems subjected to the two earthquake motions considered in

the study of elastic systems. The plots in Figs. 3.7 are aualogous to those

given in Fig. 3.3, and the plots in Fgs. 3.8 are analogous to those given In

Figs. 3.4 and 3.6. The similarities between these curves and the correspondlng

curves for the simple pulses are indeed most iiaressive.
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In Fig. 3.9 the spectra of maximum deformation for elastoplastic

and elastic systems subjected to the Eureka earthquake are compared with those

for bilinear systems with k2 /k. - 0.2. The yield level of each inelastic

system is considered to be one fourth of that required for elastic behavior.

It can be seen that, in the low-frequency region of the spectrum, the maximum

deformations for all systems are for all practical purposes identical. In the

medium-frequency region, the differences in the results are greater but still

insignificant. The major differences occur in the high-frequency region, where

the results appear to be quite sensitive to the ratio of k2 /k 1 . These general

trends are in agreement with those obtained on the basis of the limiting forms

of excitation considered in Section 3.3-

The effect of the parameter k 2 /k on the maximum response of the

system is illustrated in Fig. 3.10. Results are presented for selected natural

frequencies and yield levels. The systems are assumed to have a damping factor

of 2 percent. It can be seen that the effect of %/k1 is important only for

high-frequency systems.

3.5 Deformation Spectra for Elastoplastic Systems

3.5.1 General. The design of an elastoplastic system involves

essentially the determination of the yield strength (or yield point deformation)

necessary to limit the maximum inelastic deformation of the system to a

prescribed value. It is desirable, therefore, to define the deformation spectra

for inelastic systems in such a manner that this Information can readily be

determined.

With this in mind, the relative pseudo-velocity for an elastoplastic

system is defined, as in Ref. 10, by the expression

V - (3.14)
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where p denotes the undamped circular natural frequency of the system

corresponding to the initial elastic range of its load-deformation diagram,

and uy is the yield point deformation, (not the maximm deformation). Thus,

the quantity

1m 2 yl

represents the maxi m strain energy that the system must be capable of de-

veloping without yielding. The relative pseudo-velocity spectrum is considered

to be a plot of V against frequency for fixed values of the ductility ratio, is.

The pseudo-acceleratloq A, is defined as

2
A -pu (315)

The yield force, QY, my then be determined from the expression

y- CuV (3.16)

where the lateral force coefficient, C, as in the case of an elastic system,

is equal to the value of A expressed in units of gravity. For an elastoplastic

system without damping, Eq. 3.15 is also equal to the maxim-m value of the

acceleration of the mass. It should be noted that these definitions of V and

A for the inelastic system are consistent with those used for the elastic

system, since, as previously noted, the yield deformation of the elastic system

may be considered to be equal to its maximum defomation.

On a logarithmic plot of V against frequency similar to that used

for elastic systems, the set of diagonal lines extending in the north-east

direction represents values of constant yield deformation, Uy, and the set of

lines extending in the north-west direction represents values of constant pseudo-

acceleration. Thus the values of uy, V and A corresponding to a prescribed

ductility ratio can be read directly. The value of the naxi= deforation can

then be determined from the expression u - 1 u .
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3.5.2 Spectra for a Half-Cycle Acceleration Pulse. In Fi. 3.11

are given deformation spectra, as defined above, for mndamped system with

ductility ration in the range between 1 (elastic case) and 10. The ground

motion is an initially peaked triangular acceleration pulse. As in previous

plots, the spectral quantities are normalized with respect to the maximm value

of the corresponding ground motion. Note that the ratio of the ordinates of

the curves for an inelastic and elastic system, represents the reduction factor,

c, for the particular condition considered.

In the low-frequency region of the spectrum, the relationship between

the curves for the inelastic and the elastic system is represented almost

exactly by the expression c - 1f - 1 obtained from Eq. 3.10. Thi result

was anticipated in Section 3.3.4, since as tdf approaches zero, the ground

velocity approaches a step function for which Eq. 3.10 applies exactly. In a

similar manner, the limiting values of the pseudo-acceleration A at high

frequencies are as defined by the right-hand member of Eq. 3.11a. The

transition curves between these limiting values are smooth in this case, because

the absolute maxima defozatlom br both the elastic and the inelastic system

correspond to the first extremeu.

3.5.3 Spectra for Half-Cycle Velocity and Displacement Pulses. In

Fig. 3.12a through 3. 1 4b are given deformation spectra for elastoplastic

systems with zero and 10 percent critical damping subjected to three different

form of ground motion, as shown in the inset diagrams.

The data used to prepare these plots were obtained on the ILLIAC,

the digital computer of the University of Illinois as follows. First, the

maxim deformation of the elastic system was computed for selected values of

the frequency parmeter. Then, the maxim= response of the inelastic systems

was evaluated for a range of yield levela, and the results for each value of
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the frequency parameter were plotted in the form presented in Figs. 3.4 and

3.6. The values of Uy corresponding to the selected ductility ratios were

finally determined from these plots.

The salient features of these curves are as follows:

(a) At low frequencies, the relationship c - i/4 is applicable to

all cases considered, with the result that both u0 and ua are equal to the

maximum ground displacement, yo" Furthermore, as the yield level of the system

is decreased (or as 4 increases), the expression u. 6 To is valid for a wider

range of natural frequencies than for the corresponding elastic system. This

trend is particularly noticeable in the case of the half-cycle displacement

pulses considered in Figs. 3.14. Note that the break in the left-hand portion

of the curves in this figure shifts to the right with increasing values of &.

(b) At high frequencies, the limiting values of A are essentially

as defined by Eq. 3.1a* for the ground motions which have discontinuous

accelerations. On the other hand, for the continuous acceleration functions,

the limiting value of A may be considered to be the same for both the elastic

and the inelastic systmem.

(c) In the intermiediate range of frequencies, the relationship

between the, elastic and inelastic systems Is in general complex. It can

broadly be said, however, that the reduction factors corresponding to a half-

cycle displacement pulse are greater than those for a half-cycle velocity pulse.

Design Rules. For design purposes, the relationship between the

deformation spectra for elastoplastic and elastic system may be expressed

approximately as follows:

(1) For the low-frequency range of the spectrum for which the

maximim deformation of an elastic system may be considered to be equal to the

maxim= ground displacent, Yo' the maximm deformstlons of the -nlastic and

fquation 3.lla is strictly applicable to an u edu system only.
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elastic system are for all practical purposes the sa., i.e., un' - u0 2 YO

Consequently, the reduction factor is given by the expression c e 1/14.

(2) For the intermediate range of frequencies, the following

relationships are applicable:

(a) when U0 is equal to or smaller than the maim= input dis-

placement and V0 is of the order of 1.5 times the maim- input velocity, as

is the case with half-cycle velocity pulses, the -ax1m deformation of the

inelastic and the elastic system my be considered to be the saw up to a

value of tdf slightly greater than the value corresponding to the peak of the

elastic spectrum. In this case, the reduction factor is again given by the

expression c T 1/g.

(b) On the other hand, when U0 is greater than y0 , and V0 is

of the order of 2 to 3 times Yo, as Is the case with half-cycle displacement

pulses, the maxmum deformation of the inelastic system is generally less than

that of the corresponding elastic system. In general, the greater amplification

factors of U and Vo for the elastic spectrum, the more conservative are the

results obtained by application of the relation c 1/l. The differences are

particularly noticeable for the larger values of m. However, if the degree of

conservatism implied by the use of this relationship can be tolerated, then

the expression c z 1/1A can be considered to be valid up to a value of tdf

located approximately at one-third the distance between the value of tdf

corresponding to the peak of the elastic spectrum aua the value of td; byond

the peak for which the amplification factor for V Is one.

(3) For the high-frequency range of the spectrum where the pseudo-

acceleration A may be considered to be constant, the rlationship between the

Inelastic and the elastic spectra my be stated In terms of the magnitude of

the =10ifcation factor for the elastic system. When the lficatom factor
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is of the order of two, as would be the case for an input acceleration with a

discontinuity equal to the aximm input acceleration, the reduction factor may

be approxInated by the expression c - ;&/(2o - 1). On the other hand, if the

amplification factor of A for the elastic system is one, as would be the case

for an acceleration function without any discontinuities, the reduction factor

sy be considered to be unity. In other vords, the maximum forces for the

elastoplastic and the elastic systems may be considered to be equal.

(1) For the range of frequencies between those covered under (2) and

( ), the reduction factor is sensitive to changes in the value of the natural

frequency. Hovever, the spectrum curves for thts range can usually be deter-

mined by drawing smooth transition curves between the curves applicable to the

ranges considered In Items (2) and (3). When this cannot be done resaily, the

equations

ca 1 and c =2p.

my be used as guide posts. The first equation W be considered to be valid

at a frequency for which the relative pseudo-velocity of the associated elastic

system is from about 1.0 to 0.8 time the inuLmm ground velocity, and the

second equation my be considered to be valid at a frequency for vhich the

pseudo-acceleration of the associated elastic system is of the order of 2.

It follows that the response spectrum for an alastoplastic system

corresponding to a specified value of the ductility ratio can be obtained from

the spectrum applicable to the associated elastic system slply by dividing the

ordinate, of the elastic spectrum by s factor which depends on the value of the

ductility ratio but which is different for the different frequency rangs.

For convenience of reference, these factors are sinrised in Fig. 3.15 for a

representative spectrun corrnssodAg to a half-c3yce pulse of round velocity.



In the application of these rules to design, it is suggested that the spectrum

for the elastic system be represented by a smooth curve. without the undulations

that are characteristic of response spectra.

These rules are proposed for systems with moderate amounts of damping

(of the order of 10 percent critical or less) and ground motions for which the

primary or dominant camponent may be represented either by a half-cycle velocity

pulse or by a half-cycle displacement pulse. The reader is cautioned against

using these rules for displacement pulses with two or more half-cycles of nearly

equal amplitudes and durations.

Relative Nffects of Dampng and Inelastic Action. On comparing the

inelastic spectra presented In this section with the corresponding spectra for

damped elastic systems given in Section 2, it can be seen that the relative

effects of damping and inelastic action in reducing the magnitude of the

required resistance are quite different in the various regions of the spectrum.

In particular, in the low-frequency range of the spectrum for which the effect

of damping may be considered to be negligible. the effect of inelastic action

is extremely important. These results show clearly that, in general, the effect

of inelastic action cannot be considered in term of a fixed amount of

"equivalent damping".

3.5.4 Spectra for Multiple-Cycle Velocity Pulses. For half-cycle

displacement pulses, it has been noted that in the regions of the spectrum

where U and V attain their maximu values, the absolute -aima deformation of

the elastoplastic system is generally smaller than that for the corresponding

elastic system and that the results obtained fran the expression c - 1/ my

be fairly conservative for large values of 1.

This effect is exaggerated under more nearly periodic excitations,

as can be seen from the spectra presented In Figs. 3.16 and 3.17. These spectra
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are for velocity functions composed of three and four parabolic half-cycles,

respectively. The details of the input functions are shown in the inset

diagrams. Only the middle regions of the spectra are presented, since at the

regions of low and high frequency the results are identical to those presented

in Figs. 3.14.

It is of some interest to note that, if only the peak values of the

curves corresponding to the inelastic and elastic curves are compared, the

expression 1/p leads to reasonably accurate results.

3.5.5 Spectra for Earthquake Motions. The deformation spectra

presented in Figs. 3.18 and 3.19 are self-explanatory. They refer to systems

with 2 percent critical damping subjected to the Eureka and El Centro earth-

quake records considered earlier, and are directly comparab3e to the corres-

ponding spectra presented for simple ground motions. It is Important to note

that, even for these complex input otions, the average relationships between

the inelastic spectra and the corresponding elastic spectra for the various

ranges of frequency are in very good agreement with the approximate rules

presented for pulse-type of excitations.
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TANXX 1

CORDDATES OF MAXIM VALUE OF A FOR ALF-CYCLE ACCELMAMCt PULSES

t Coordizntes of Max. Values of A
Pus r. r. AO Ar
Type td td d t . tdf

yo yo 4

Triangular 1 1 1.26 0.67 1.26 0.67

Triangular 0.5 0.5 1.57 0.95 1.4 5  0.75

Versed Sine 0.5 0.32 1.72 1.0 1.63 0.8

Half-sine 0.5 0.32 1.77 0.85 1.73 0.7

Skewed 0.25 o.16 1.83 1.4 1.59 0.8
Versed

Sine 0.125 0.08 1.90 2.0 1.53 0.8

0 0 2.00 00 1.26 0.67

Rectangular 0 0 2.00 0.5 or 2.00 0.5
greater



TARTE 2

COORDDATM OF MAXDUM VAIE OF V FOR HyL-CYCIZ VEIoITy PIus

Results mY not be accurate to the number of significant figures recorded

t Coordinates of Max. Value of V
Pulse Acceler. Velocity rv rv V0

No. pulse Pulse td td 0 tf t f
YO

1 0 0 1.0 ....

2 0 0 1.26 0.66 o.66

2b 0.125 0.125 1.33 0.67 0.67

2c 0.25 0.25 1.40 0.73 0.73

2d 0.5 0.5 1.15 0.75 0.75

3a 0.325 .8 1.54 o.84 o.8

3b 0.25 o.16 1.6o o.84 .

0.5 0.32 1.65 o.84 o.84

It 0.125 1.44 1.9 o.84

4b 0.25 1.53 1.1 0.84

5a 0.333 0.21 1.70 0.67 0.85

0.5 0.32 1.72 0.68 0.86

6a CJP 0.5 0.3 1.34 0.95 0.69

790.5 0.25

7b 0.5 0.25 1.72 0.85 0.85

7c e A 0.5 0.25 1.75 0.67 0.89

8 0 0 2.0 0.50 1.00
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(a) Half-Cycle Velocity Pulse. (b) Displacement Pulse With
Partial Recovery.
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(c) Half-Cycle Displacement (d) Full-Cycle Displacement
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